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1.0  Results  of  Contract  DAAH04-95-C-0051 

1.1  Introduction  and  General  Discussion 

The  discussion  of  the  results  to  follow  is  facilitated  by  use  of  the  following 
nomenclature.  Referring  to  Fig.  1,  orthogonal  codes  are  defined  ovct  a  superframe  of  slots. 
A  single  pulse  occurs  only  once  per  frame  and  the  complete  pulse  code  sequence  is 
transmitted  over  the  total  time  of  the  superfiame  of  frames. 


Slot  Size  =  X 


Frame  Length 
t  =  IX 


Superframe  Length 
T  =  It 


Fig.  1.  Orthogonal  codes  are  (Mned  ovct  a  supafiame  of  frames.  A  pulse  of  each  orthogonal  code  occurs 
oidy  once  per  frame  and  Ae  total  code  sequence  of  pulses  occurs  completely  over  the  superframe  time,  hi 
this  example,  the  frame  size  is  10  slots  and  fliere  are  10  frames,  so  the  size  of  the  siqierframe  is  100  slots. 
Therefore  a  complete  orthogonal  code  is  10  pulses  spread  over  Ae  supoframe  time. 


Spread  Time  Technique 


0101 


Time  Despread 


Fig.  2.  Graphical  representation  of  the  Spread  Time  Technique  with  coding  at  a  first  stage  identifying  the 
channel  and  coding  at  a  second  stage  by  pulse-position  modulation  providing  data  OTcryption  and  enor- 
correction. 
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Two  major  types  of  codes  will  be  discussed  below:  (1)  orthogonal  codes;  and  (2) 
error^orrecting  codes.  The  orthogonal  codes  are  generated  over  a  matrix  field  and  are 
transferred  to  a  time  hopping  representation  by  the  method  shown  in  Fig.  2,  where  a 
nuinber  of  frames  of  a  superfirame  are  shown.  The  spread  time  technique  reduces  noise 
durmg  the  transmission  phase  (as  does  the  spread  spectrum  technique). 

Th®  work  over  the  past  12  months  has  shown  the  benefit  of  a  two-stage  hierarchy 
OT  crwes.  The  orthogonal  codes  define  the  microchaimel  or  user,  and,  once  a  code  is 
id^tified  by  a  first  matched  filter,  a  second  matched  filter  identifies  the  pulse-position- 
modulated  data  with  error  correction,  hence  error-correcting  codes  are  required  for  flie 
second  stage.  The  two  stages  are  represented  in  Fig.  3. 


frame  !■ 


-rm-i  1 1 1 1  rrr 


■frame  2  — 


etc 


JUIAAJUVL' 

0100101010010110 

Fig.  3.  Two-st^e  encoding.  The  user,  or  channel  is  defined  by  the  orthogonal  code.  A  second  matched 
filter,  i»sitioned  behind  the  first,  decodes  data  and  applies  error-correction.  Hence  error-coirecting  codes  arc 
required  for  *e  s^nd  stage.  The  word  size  of  the  second  stage  is  dependent  upon  the  availability  of  optical 
devices  capable  of  providing  pulse  modulations  representing  n-bit  words.  Here,  a  16-bit  word  is  shown: 

Using  the  two-stage  principle  of  encoding,  multidimensional  coding,  and 
presunmg  device  c^abilities  which  arc  either  available  now  in  the  laboratoiy,  or  might  be 
m  the  Mriire  (see  Section  2),  predictions  can  be  made  concCTtiing  the  data  rate  achievable 
for  high  data  rate  channels.  The  algorithm  of  Table  1  provides  those  predictions. 

This  algorithm  takes  into  considoation  that  with  present  technology  at  least  4 
wavelengths  are  available  now  in  an  optical  fiber  channel.  Therefore  there  is  the  possibility 
ot  either  usmg  this  wavelen^  diversity  to  define  separate  channels,  or  of  using  the 
diversity  for  fn^uency  hopping  with  time  hopping.  As  there  is  also  the  possibility  of 
wavelet  gerieranon  with  diversity  in  both  scale  and  orthogonality,  the  channel  capacity  can 
mcreased  yet  fiirAer.  However,  it  must  be  recognized  that  there  are  trade-offs  between 
frequency  and  wavelet  diversity  due  to  device  limitations  (addressed  in  Section  2.0). 
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The  major  results  of  the  12  -month  study,  as  well  as  the  proposed  future  work,  are 
(Table  2): 


Table  2:  Miyor  Results  and  Discoveries  of  the  12-month  Study 


Major  Results  &  Discoveries 

Tables 

& 

Figures 

Proposed  Future  Work 

Reports 

1.  Increased  data  rate  using  the 
availability  of  frequracy  and  wavelet 
diversity. 

2.  The  number  of  users  possible  defined 
by  orthogonal  codes  without 
intorf^nce. 

Fig.s  4-6 

Fig.  7 

The  present  results  are  generic 
and  need  to  be  interpreted  within 
the  context  of  actual  device 
capability.  Presently  only  4 
wavelengths  are  available,  and 
the  diversity  of  wavelet  in  terms 
of  scale  and  orthogonality  has 
not  been  detamined. 

August,  1975, 
Report 

1.  Any  orthogonal  code  can  be 
identifled  by  only  two  inputs  to  a  code 
generator  and  the  third  predicted  That 
is,  these  orthogonal  code  sequences  are 
nonMaikovian  and  can  be  generated  by 
piogranunable  logic  arrays. 

2.  A  hidden  symmetry  was  discovered 
underlying  orthogonal  codes  in  terms  of 
the  polynomial  associated  with  each 
hopping  sequence 

3.  A  hidden  symmetry  was  discovered 
underlying  the  orthogonal  codes  in 
tOTns  of  an  increasing  or  decreasing 
generator  polynomial  index. 

Fig.  s  8- 
12, 

Fig.  15 

These  discoveries  need  find  use  in 
code  design,  i.e.,  design  on  the 
basis  of  the  symmetry. 

Sqttember, 
1975,  Report 

1. Orthogonal  code  symmetries  were 
discovCTed  based  on  residue-nonresidue 
matrix  formulations  of  such  codes 

Fig.s  IS¬ 
IS. 

The  discoveries  need  to  find  use 
in  code  design,  i.e.,  design  on  the 
basis  of  the  symmetry  forms. 

October,  1975, 
Report 

1.  Cross  correlation  bounds  were  found 
for  time-hopping  and  frequency-hopping 
codes 

Cross-correlation  bounds  need  to 
be  tied  to  code  design  in  a 
predictive  way.  The  bounds  need 
to  be  derived. 

November, 

1975,  Report 

1.  A  back-track  mathematical  algorithm 
for  time  hop  code  generation  firom  a 
given  hit  array  was  developed. 

Tradeoff  between  low  out-of-phase 
correlation  and  low  cross-correlation 
was  derived. 

2.  Cubic  congruence  and  quartic 
ccxigruence  codes  genoated  and 
generator  polynomial  index  matrix 
representation  demonstrated. 

3.  A  code  comparison  of  auto-  and 
cross-correlation  properties  of 
congruence  codes  completed 

Fig.s  8, 

13,  14. 

Tables 

Back-track  algorithm  needs 
deyelppment  to  beapredictiye 
tool  for  code  properties. 

Matrix  representation  needs 
deyelopment  as  a  predictiye  tool. 

Propmies  need  to  be  linked  to 
code  design  algorithm. 

DecembCT, 

1975,  Report 

1.  Probability  of  error  analysis  indicates 
that  oior  decreases  with  (1)  an  increase 
of  the  matched  filter  threshold,  and  (2) 
an  increase  in  code  length. 

Fig.s  16- 
26 

Receiy^  threshold  properties 
need  to  be  analyzed  togetho:  with 
code  propmies. 

January,  1996, 
Report 
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2.  Algcffithm  developed  for  Lempel- 
Costas  arrays. 

1.  X=2  optical  orthogonal  codes  may  be 
as  good  as  Ap:l  codes  with  receiver  hard- 
limiting. 

2.  More  pulses  in  a  sequence  does  not 
result  in  a  reduction  in  p^ormance  if 
one  can  raise  the  receiver  threshold. 

3.  Surreal  number  rqrresentation  reveals 
further  underlying  code  symmetries. 

Fig.s  27- 
36 

The  tradeoffs  between  the 
properties  of  optical  orthogonal 
codes,  without  hard  limiting,  and 
with  hard  limiting,  need  to  be 
inyestigated. 

The  surreal  number 
rqrresentation  needs  to  be  related 
to  optimum  code  design. 

February, 

1996,  Report 

1.  A  Greedy  Code  Algorithm  was 
deyeloped  that  permits  the  study  of 
Lraicogrsqjhic-Greedy  codes  necessary 
for  the  second  stage  of  the  system 
design. 

2.  (5,2)  and  (7,4)  Lexicogr^hic-Greedy 
codes  haye  bear  gen^ated. 

3.  The  standard  arrays  for 
Lexicographic-Greedy  codes  haye 
reyealed  d^gn  details. 

4.  The  g-values  of  the  codes  have 
revealed  underlying  symmetries. 

Tables  7- 
9 

Tables  4- 
6 

Fig.s  39- 
42 

Ihe  Lexicogr^c-Gieedy  code 
algorithm  offers  opportunities  for 
developing  optimum  error- 
correcting  co^.  The  design  of 
such  codes  needs  to  be  taken 
further. 

The  discovered  g-value 
symmetries  should  be  used  in 
codedesi0i. 

Match,  1996, 
Report 

1.  Standard  arrays  of  Lexicogr^hic- 
Greedy  enor-cotTecling  codes  are  orda^ 
in  cosets  defined  by  the  cosets’  g- 
values.  The  coset  leaders  may,  or  may 
not,  be  the  basis  of  vectors  defining  the 
code. 

Tables  7- 
9 

Investigate  the  exact  role  of  the 
coset  leaders  in  defining  a  code’s 
properties. 

April,  1996, 
Report 

1.  For  the  first  time,  symmetries  are 
shown  underlying  the  lexicographic 
ordering  of  the  g-values  of  the 
Lexicographic-Greedy  codes. 

Fig.  43 
A-D 

Inyestigate  the  role  of  these 
symmetries  in  ^fining  a  code’s 
properties. 

April,  1996, 
Report 

1.  The  Greedy  code  algorithm,  which 
generates  cod^  according  to  a  designed 
distance,  d,  at  set  n,  provides  siqrmor 
codes  than  those  generated  by  the 
conventional  methods  of  commencing 
with  a  designed  k,  at  set  n. 

Fig.s  44- 
52 

Develop  die  Greedy  code 
algorithm  for  longer  perfect  code 
generation. 

Determine  the  role  of  the  Greedy 
algorithm  in  the  generation  of 
p^ect  codes. 

May,  1996, 
Report 

1.  The  symmetries  underlying  the 
Lexicogrsqjhic  codes  are  shown. 

However,  the  most  symmetric  code 
studied  is  not  the  optimum,  as  the 
code’s  code-rate,  kin,  exceed  the 
channel  capacity. 

Fig.s  53- 
58 

The  code  bounds  d^ved  are  for 
large  n.  Therefore,  further 
investigation  may  reveal  that 
symmetry  does  play  a  role  in 
choosing  the  optimum 
Lexicographic  code. 

May,  1996, 
Report 

A  Gaussian  appro}^tion  can  be  used  to  evaluate  the  probability  of  enor  for  time 
hopping  codes*.  A  derivation  in  Kwong  et  al^  gives  the  following  approximation  (valid  for 
large  values  of  N)  for  thr  probability  of  error,  P^. 

Pracnal,  P.R.,  Santoro,  M.A.  &  Fan,  T.R.,  Spread  spectrum  fiber-optic  local  area  network  using  optical 
processing. /.  rec/ino/ogy,  LT-4. 547-554, 1986; 

Kwong,  W.C.,  Perrier,  P.A  &  Prucnal,  P.R.,  Performance  comparison  of  asynchronous  and  synchronous 
code-division  multiple-access  techniques  for  fiber-optic  local  area  networks.  IEEE  Trans.  Comm.,  11, 1625- 
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where 


is  the  unit  normal  cumulative  distribution  function  and  P  is  a  prime  number,  as  well  as  the 
numbCT  of  codes  generated  and  equal  to  to,  the  number  of  binary  ones  per  code  sequence. 
Accordmgly,  Fig.  4  shows  die  (log)  probability  of  error  versus  the  number  of 
simultaneous  users  as  a  function  of  P. 


logFE 


of  e^r  versus  the  number  of  simultaneous  users  for  prime  number  and  number  dt 

^  modulation  (PPM)  CDMA  can  accomodate  1021  subscribers 

and  1008  simultaneous  users  with  a  probability  of  error  less  than  10  *. 

.  ^^8-  \  indicates  that  time  hopping  pulse  position  modulation  schemes  using 

accomodate  a  large  number  of  simultaneous  users  at  excellent  error 
probability.  Probability  of  Error  is  examined  in  more  detail  in  Section  1.3. 

Table  3  summarizes  the  results  shown  in  Fig.s  8-12.  Based  on  auto-  and  cross- 
collation  hit  criteria  and  11x11  or  10x10  matrices,  the  quadratic  and  quartic  congraence 

wrf  fo^owed  closely  by  the  hyperbolic,  then  cubic  congruence  codes.  The 

Welch-Costas  arrays  are  definitely  inferior  in  cross-correlation  properties  (although 
supenor  in  aut^orrelation  properties).  The  trade-off  between  low  out-of-phase  aut^ 
ron*dation  and  low  cross-correlation  in  orthogonal  codes  is  examined  in  detail  in  Section 


AJ  D^e,  Mil.  &  Park.  E.,  Fiber-optic  digital  video  multiplexing  using 

opucal  CDMA.  7.  Lig/mvave  TecAno/ogy  11, 20-26, 1993;  h  e  b 

Gagjiardi,  R.^,  Pdse^^^mult^le  acces  in  space  qpticdl  communications.  IEEE  J.  Selected  Areas  in 
Communications,  13, 603-608, 1995.  m 

*  I^cnal,  P.R.,  Performance  comparison  of  asynchronous  and  synchronous 
leS^^l”"  techniques  for  fiber-optic  local  area  networks.  IEEE  Trans.  Comm.,  11, 1625- 
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Table  3  Code  Comparison  of  Auto-  and  Cross-Correlation  Properties 

Code 

Maximum  Number  of 

Hits  in  the  Auto¬ 
correlation  Subbands 

Maximum  Number  of  Hits 
Across  All  Cioss- 
Conelation  Bands 

Hyperbolic  Congruence 

4 

3 

Quadratic  Congruence 

2 

4 

Welch-Costas 

2 

9 

Cubic  Congruence 

4 

4 

Quartic  Congruence 

3 

3 

Hyperbolic  codes  are  shown  in  multidimensional  form  in  Fig.s  5-7.  The  two  axes, 
oAer  than  the  time  axis,  represent  fiequency  diversity  and  wavelet  diversity.  Regarding 
frequency  diversity:  as  stated  in  Table  1  above,  only  4  frequencies  ate  now  available  in 
optical  fiber  transmissions.  Therefore,  the  frequency  diversity  shown  in  these  Fig.s  is  not 
now  available.  The  same  can  be  said  for  wavelet  diversity.  In  order  to  apply  the  fine 
structure  requir^  in  wavelet  representation,  the  maximum  modulation  capacity  is  used, 
leaving  no  possibility  of  anything  other  than  a  1  bit  wave  packet  or  transmission  word. 
Therefore,  and  referring  to  Table  1  again,  if  channels  are  defined  by  wavelets,  then  each 
wave  packet  transmitted  is  no  more  than  a  1  bit  transmission. 

ITTe  first  section  following  (1.2)  examines  the  bounds  on  codes  imposed  by 
Shannon  s  laws  of  transmission  with  minimum  error. 
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Fig.  8  Auto-  and  Cross-correlations  of  cubic^  and  quartic  congruence  codes. 


Quadr.  Collar.:  A«tocorr.BT=l21  Quadr .  Congr . :  Crosscorr.BT=121 


Costas  Code:  p=ll,  ii=l ,  Autocorr.  ffelck-Costas  Code:  p=ll,  11=1^,  Crosscorr. 
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Hyperbolic  CC/p=ll/iisl  Auto-KLt  Array  Hyperbolic  CC,  p=ll/n=  1 63 /Cross-Hit  Array 


eo 


(M  O 


o 


Fig.  1 1  Auto  hit  anay  and  Goss  hit  array  for  hyperbolic  congruence  code. 


Costas  Code  p=ll,nsl,  Auto-RLt  Array 
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Fig.  13.  A:  Hyperbolic  congruence  codes:  underlying  symmetry  is  fourfold,  and  the  matrix  is  equal  to  its  transpose. 

B.  Cubic  congruence  codes:  underlying  symmetry  is  fourfold. 

C.  Quartic  congruence  residue  codes:  twofold  symmetry. 

D.  Quadratic  congruence  codes:  two-fold  symmetry. 

E.  Welch-Costas  codes:  two-fold  symmetry. 


r 
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INCREASING/DECREASING  POLYNOMIAL  INDICES 


I 

■ 


+ 


Quadrjtfic  Congruoice  Code 


1 


Fig.  15  The  full  10  hyperbolic  congruence,  quadratic  congruence  and  Welch-Costas  codes  are  rqnesoited  as 
m  increasing  (dark  sh^g)  or  decreasing  (light  shading)  generatOT  polynomial  index  (a).  The  patterns 
indicate  the  sequential  increase  or  decrease  of  the  a  input  to  a  shift  register.  The  significant  discovery  is  that 
there  ate  symmetrical  pattons  corresponding  to  each  orthogonal  code,  e.g.: 

(1)  In  the  case  of  the  hyperbolic  congruence  codes  and  neglecting  the  top  row:  (a)  thae  is  a  reverse 
symmetry  about  the  y-axis;  and  (b)  there  is  an  exact  symmetry  about  the  x-axis. 

(2)  In  the  case  of  the  quadratic  congruence  codes  and  neglecting  the  top  row:  (a)  there  is  a  reverse  symmetry 
about  the  y-axis;  and  (b)  there  is  a  reverse  symmetry  about  the  x-axis. 

(3)  In  the  case  of  the  Welch-Costas  codes:  (a)  neglecting  the  top  (lOth)  row,  th^  is  a  reverse  symmetry 
about  the  y-axis;  and  (b)  th^  is  a  reversal  and  a  displacement  over  the  x-axis. 
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1.2  Code  Bounds 

Lexicog^phic-Greedy  error-correcting  codes  are  defined  as  follows.  Every  linear 
code  C  with  mininium  distance  at  least  d  and  covering  radius  at  most  d-l  is  a  B-greedy 
code  of  designed  distance  d  for  some  ordered  basis  B.  Any  ordered  basis  for  B  may  be 
chosen  whose  first  k  voters  are  a  basis  of  C  where  k  is  the  dimension  of  C.  The  fact  that  a 
B-greedy  code  of  designed  distance  d  has  covering  radius  at  most  d-l  implies  that  B- 
greedy  codes  attain  the  Varshcunov-Gilbert^^  bound  for  binary  linear  codes.  This  month  we 
demonstrate  that  tiie  standard  arrays  of  Lexicographic-Greedy  codes  are  ordered  in  cosets 
defined  by  the  coset  g-values.  The  coset  leado's  may,  or  may  not,  be  the  basis  vectors 
definmg  the  code.  We  have  also  discovered  symmetries  underlying  the  lexicographic 
ordering  of  the  g- values  of  these  codes. 

If  an  (n,k)  linear^^  is  considered  with  generator  matrix  G  and  parity  check 
matrix  H,  then  a  transmitted  code  word,  v,  is  defined  as: 

V  =  (Vo,Vi,...V„_,), 


and  a  received  vector  as: 


r  =  (ro,ri,...r„_i). 

The  error  vector,  e,  is  then  defined  as: 

e  =  r  +  v 


A  syndrome,  s,  is  defined  as: 

s  =  r»H^ 

where  is  a  parity  check  matrix: 


The  Varshamov-Gilbert  bound  states  that  for  any  minimum  weight  d  and  redundancy  m  there  is  a  code  of 
lengA  n  that  can  correct  [{4-l)/2]  errors  and  has  dimension  greater  than  or  equal  to  n  -  m. 

Linear  block  codes  are  defined  in  terms  of  generator  and  parity-check  matrices.  Specifically,  a  linear  block 
code  of  length  n  and  2"'  code  words  is  called  a  linear  {njc)  code  iff  its  2'^  code  words  form  a  k-dimensional 
subspace  of  the  vector  space  of  aU  the  n-tuples  over  the  fidd  GF(2).  Stated  diffetOTiUy,  a  binary  block  code 
is  linear  iff  the  modulo-2  sum  of  two  code  words  is  also  a  code  word. 
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10  0 
0  1  0 
0  0  1 


0 

0 

0 


Poo 

PlO 

••  F*-, 

Po\ 

Pl\ 

••  F*-i 

P02 

Pn 

••  Pk-X 

[0  0  0  ...  0  /7o,,_*_i  Pk-l.n-k-l\ 

which  provides  the  elements  for  the  matrix  P  as  in; 

where  /„.j.  is  the  identity  matrix. 

We  shall  refer  to  this  syndrome  and  parity  check  matrix  as  the  systematic-syndrome 
Md  the  systematrc  parity  check  matrix,  or  the  S-syndrome  and  the  S-parity  check  matrix 
these  are  the  conventional  syndromes  and  parity-check  matrices. 

A  r  .  ®~®^^5!o^yif'’isacodeword,  ands^Oifandonlyifris  not  a  code  word. 
A  further  eventu^ty  rs  that  s=r^If=  0,  but  e  is  identical  to  a  nonzero  code  word.  This  is 
the  case  of  an  undetectable  error  pattern. 

According  to  these  definitions,  the  S-syndrome  is: 

*^0  ^  ^n-kPofy  ••• 

=  'I  +  +  r^-k^xPn  + 


k  I  ^n-k-l  ^n-k’¥\P\^n^k-\ 

such  thM  ^  Greedy  codes,  an  index  m  is  defined  as  the  smallest  integer 


g{z)  <  2"  - 1  for  all  z  in  Ff. 

hi  the  case  of  the  (5,3)  lexicographic  code,  the  highest  g  value  is  7.  Therefore,  the  index  m 

rs  3.  The  g-value  for  every  z  vector  in  Fj"  can  be  made  a  vector  by  taking  the  its  base  2 
descnptron.  Therefore,  the  g  values  may  be  regarded  as  maps*^: 

g:Ff  F”. 

Brualdi,  R.A.  &  Pless,  V.S.,  Greedy  codes,  J.  Combinatorial  Theory,  Series  A64, 1993, 1—30. 
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In  the  case  of  the  lexicographic  code  considered,  this  mapping  is: 

g :  F2 


In  the  case  of  die  «  =  5,  /:  =  2,  d  =  3  Lexicographic  code  given  in  Table  1  of  the 
March  Report,  a  parity  check  matrix  for  the  g-values  of  vectors  in  is: 


H  = 


110  0  0 
0  0  110 
10  10  1 


where  we  have  used  the  observation^^  that 


H  =  [8(es)g(e^)g(e3)g(e2)g(e^)], 


reflecting: 

g  values 

g  values  as  vectors  or 

yl=  (0,0, 0,0,1} 

1 

(001) 

y2=  (0,0,0,  1,0} 

2 

(010) 

y3=  (0,0,  1,0,0} 

3 

(011) 

y4=  (0,1, 0,0,0} 

4 

(100) 

y5=  (1,0, 0,0,0} 

5 

(101) 

We  shall  refer  to  this  syndrome  and  parity  check  matrix  as  the  Lexicographic  or  L- 
synttome  and  the  Lexicographic  or  L-paiity  check  matrix,  in  comparison  with  the 
previously  defined  conventional  S-syndrome  and  S-parity  check  matrix. 

As  an  example,  if  the  z  vector  {0,0, 0,1,1 }  from  that  Table  (i.e.,  a  z  vector  which  is 
not  a  code  word)  is  considered,  then  its  g  value,  5,  is  its  L-syndrome  relative  to  the  parity 
check  matrix.  This  can  be  seen  as  follows.  The  L-S5mdrome  for  that  Lexicographic  code 
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'1  0  r 
1  0  0 

s  =  =  (ro,r,,r2,r3,r4)  0  1  l=r*H'^or 

0  1  0 
0  0  1 

P(X)  Po\  Poa 
Ao  Ai  Pn 

®  ~  ~  P20  P21  P22 

P30  P31  Pzi 
Pao  Pai  Pa2_ 

Therefore,  as: 

^0  =  ^0  xPoo  +';  X  Ao  +^2  xPao  +^3  X/J30  +  /-4  xp4(, 

=  fh  xpoi  +'*1  X  Ai  +^2  XP21  +^3  X  Ai  +^4X^4, 

^2  =  ^0  XPq2  +  rj  Xpi2  +r2  Xp22+/‘3  x;732  +  r4  X  P42 

then: 

•yo  =  ''o+^i 
='■2+^3 
^2  =  fo  +  r2  +  r 

The  L-syndrome  circuit  for  this  code  is  shown  in  Fig.  1. 


Message 


Fig.  57.  L-syndrome  circuit  for  the  (5,2,3)  Lexicogn^hic  code  of  Appendix  Table  1. 
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Only  codewords  have  g  values  equal  to  zero^^.  For  all  other  z  vectors  of  g  is 
the  syndrome-B  relative  to  the  parity  check  matrix.  The  g  values  also  define  the  cosets  in  F. 
For  example,  the  definition  of  a  coset^'*  is: 

If  C  is  an  [n,k]  linear  code  over  a  field  with  q  elements,  then  for  any  vector,  z,  the  set 

z  +  C  =  {z  +  x:xeC} 

is  called  a  coset  (or  translate)  of  C.  Every  vector  y  is  in  some  coset  (in  y  +  C,  for 
example),  z  and  y  are  in  the  same  coset  iff  (z-y)  exists  in  C.  Each  coset  contains  ^ 
vectors.  For  example,  in  the  case  of  the  n  =  5,  ^  =  2,  d  =3,  lexicographic  code  of 
Appendix,  Table  2: 

g  value  ofO  -  4  cases  (the  codewords) 
g  value  ofl  -  4  cases 
g  value  ofl  -  4  cases 
g  value  of  3  -  4  cases 
g  value  of  4  -  4  cases 
g  value  of  5  -  4  cases 
g  value  of  6  -  4  cases 
g  value  of? -4  cases 

i.e.,  q  =  2,k  =  2,(f  =  4. 

Thus,  the  set  F  of  all  vectors,  z,  can  be  partitioned  into  cosets  of  C: 

F"  =  Cu(zi+C)u(z2  +  C)u...u(z,  +  C) 

and  r=g"  *  -1.  In  the  case  of  the  lexicographic  code  of  Table  1,  with  n=5  andk=2, 
t=2^'^-l=7,  i.e.. 


Zj  =  all  z  vectors  with  g  =  1 
Z2  =  all  z  vectors  with  g  =  2 

Z7=  all  z  vectors  with  g=  7. 

If  a  decoder  receives  the  vector  r,  then  r  must  belong  to  some  coset  in  the  above  Eq.,  e.g., 
r  =  Z;  +jr  (jr  €  C).  The  error  vectors  are: 

e  =  r-x'  =  Zi+x-j^  =  Zi+x"e  z^  +C 

If  a  r  vector  is  received,  then  a  minimum  weight  vector,  e,  is  chosen  for  the  coset 
containing  r  and  r  is  decoded  as  jc  =  r  -  e.  This  minimum  weight  vector  in  a  coset  is  called 
the  coset  leader. 

The  syndrome,  s,  can  be  expanded  in  terms  of  the  transmitted  codeword,  v,  and 
the  error  vector,  e: 


MacWilliams,  FJ.  &  Sloane,  NJ.A.,  The  Theory  of  Error-Correcting  Codes,  N(»1h-Holland,  1997,  page 


38 


s  =  r»H^  =  (v  +  e)H^  =  vH^+e»H^ 
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As  vH^=0, 


s  =  e<H^ 


Multiplying  titis  out  gives: 


^0  ^0  +  e„_^pQQ  +  e,_t+iPio  +  ••  •  +  ^n-iPk<.o 

^1=^1+  +  ...  +  1 


^n-k-1  ^ii-kPo,H-k-l  "*■  A,ii-*-l  ■*"  •••  ■*■  ^H-lPk-l,n-k-l 

With  the  syndrome  digits  being  a  linear  combination  of  the  error  digits.  These  Eq.s  also 
reveal  that  the  n-^  linear  equations  do  not  have  a  unique  solution,  but  have  2*  solutions.  But 
ras  agrees  with  the  observation,  above,  that  each  coset  has  vectors,  where  <7=2. 
Iherefore,  to  determine  the  true  error  vector  from  a  coset  of  2*  vectors,  the  most  probable 
error  pattern  is  chosen  satisfying  the  above  Eq.s. 

most  probable  error  is  undastood  as  follows.  Qinsidering  again  the  n  =  5,k- 
l®^cographic  code  of  Appendix,  Table  2,  suppose  the  transmitted  code  word’ is  v 
-  {0,0,11,1)  and  the  received  code  word  is  r  =  (0,0,1, 0,1).  The  L-syndrome  for  the 
received  codeword  is: 


s  =  r«H^  =  (0  1  0), 

and  the  enror  digits  are  related  to  the  L-syndrome  digits  by: 

0  =  +  gj 

1  =  ^2  ^3 

0  =  ^0+62+64 


There  are  2*  or  2^  =4,  for  ^  =  2  error  patterns  that  satisfy  these  equations.  The  possibUities 


^1  ^2  ^3  ^4 

6=(0  0  0  1  0) 

6  =  (1  10  11) 
e=(0  0  10  1) 

e  =  (l  110  0) 

as  the  first  possible  error  vector,  e=(0  0  0  1  0),  has  the  smallest  number  of  nonzero 
components,  it  is  taken  as  the  true  error  vector.  Therefore  the  received  vector,  r=(0  0  10 
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/)  is  decoded  into  v*  =  r-¥e  =  (0  0  1  0  l)+(0  001  0)  =  (0  001  1  1),  which  is  the 
transmitted  vector,  v. 


This  error  correction  can  be  looked  at  from  another  viewpoint.  An  L-generator 
matrix  for  the  n  =  5,  k  =  2,  af  =  3,  Lexicographic  code  is: 


^0 

’0 

0 

1 

1  r 

.^1. 

1 

1 

0 

0  1 

The  L-standard  array  is: 


Standard  Array  for  the  Lexicographic  Code  (5,2) 

Basis 

r 

00111 

1  1001 

llUlil 

\yj^ 

00110 

1  1000 

11111 

00101 

mmsmsm 

11100 

0001  1 

11101 

i  1 0 1 0 

01111 

10001 

10110 

10111 

0  1001 

0  1  1  10 

fJElilMlBBtl 

01101 

10100 

10101 

01011 

ElDtlil 

in  which  the  basis  vectors  have  been  shaded. 

This  standard  array  has  2*  disjoint  columns,  so  k  =  2.  Each  column  consists  of  2 

«-tuples.  That  is,  2  =  8,  so  8  x  5-tuples.  The  coset  leaders  are  ej,  Each  coset 

leader  is  of  smallest  weight  than  other  members  of  the  set .  The  significant  result  is  that  all 
row  entries  have  identical  g’s,  e.g.,  the  same  standard  array  plotted  in  terms  of  the  g  values 
is*^: 


g  values  of  the  z  vectors  of  the  Lexicographic  Code  (5,2) 


0 

0 

0 

0 

1 

1 

1 

1 

2 

2 

2 

2 

3 

3 

3 

3 

4 

4 

4 

4 

5 

5 

5 

5 

6 

6 

6 

6 

7 

7 

7 

7 

Proof  of  this  empirical  finding  can  be  found  in:  Monroe,  L.,  Binary  Greedy  Codes.  Congressus 
Numerantium  104, 49-63, 1994. 


40 


41 

This  reflects  the  theorem  that  states  that  two  vectors  are  in  the  same  coset  of  C  iff  they  have 
the  same  syndromei^  Supposing  (00  101  )  is  received,  this  is  in  the  thiid row  of  the 
second  column.  The  coset  leader  for  this  row  is  (  0  0  0  1  0  ),  so  the  received  signal  is 
decoded  correctly  dis(00101)-(00010)  =  (00111)as  before. 

Compare  the  above  analysis  based  on  the  Greedy-code  method,  with  conventional 
methods.  The  S-parity  check  matrix  for  the  Lexicographic  (5,2)  code  (with  the  4  code¬ 
words  {0,  0,  0,  0,  0},  {0,  0,  1,  1,  1),  {1,  1,  0,  0,  1}  and  {1,  1,  1,  1,  0})  is: 


and  the  S-generator  matrix  is: 


H  = 


0  0  11 
0  10  1 
10  0  0 
'0  0  r 
0  1  0 
1  0  0 
1  1  0 
1  1  1 


1 

1 

1 


p  1  0  0  11 

[l  1  1  1  0  ‘ 

The  S-generator  matrix  for  the  Lexicographic  (5,2)  code  has  the  components: 


^0  =^2+^3 +  '•4 
=n+''3  +  ''4 
^2=^0 +  ''4 

Taking  the  previous  example  again,  suppose  (0  0  1  0  1)  is  received,  when  (000111) 
was  transmitted.  Then  So  =  L  =  1,  ^2  =  0,  and 

1  =  ^2  ^3  ^4 

1  =  Cj  +  ^3  +  ^4 

0  =  +  ^4 

There  are  2*  or  2^  =4,  for  ^  =  2  error  patterns  that  satisfy  these  equations  (but  not  the  same 
tour  error  patterns  generated  using  L-generator  matrix  above).  The  possibiUties  this  time 


16  IVtecWiUiams,  F.J.  &  Sloane,  NJ.A..  The  Theory  of  Error-Correcting  Codes,  North-Holland 
17,  Theorem  4.  ’ 


1997, page 
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^0  ^2  ^3  ^4 

e=(0  0  0  1  0) 

e=(0  1  1  0  0) 

e  =  (l  0  0  0  1) 

e  =  (l  1  1  11) 

But  the  outcome  is  the  same  as  before.  As  the  first  possible  error  vector,  e=(0  0  0  1  0)  - 
which  is  the  same  error  v^tor  generated  by  the  p^vious  method  -  has  die  smallest  number 
of  nonzero  components,  it  is  taken  as  the  true  error  vector.  Therefore  the  received  vector, 
r=(0  0  1  0  1)  is  decoded  into  v*  =  r+e  =  (0  0  1  0  l)+(0  001  0)  =  (0  001  1  1), 
which  is,  again,  the  transmitted  vector,  v.  The  standard  array  is  the  same  in  both 
formulations. 

The  question  arises:  How  is  a  message  encoded  in  the  Lexicogr^hic  formulation? 
The  Lexicographic  formulation  can  be  related  to  the  Systematic  formulation  as  follows. 

Commence  with  the  Lexicographic  parity  check  matrix  as  given  above: 


o 

o 

o 

row  1 

H  = 

0  0  110 

row  2 

.10101 

row  3 

Add  rows  1  and  3,  and  replace  row  3,  giving: 

■  1  1  1  0  o' 

row  1 

H  = 

0  0  110 

row  2. 

.  0  1  10  1 

row  3 

Add  rows  3  and  2,  replacing  row  2,  giving: 

■  1  1  0  0  o' 

row  1 

H  = 

0  10  11 

row  2 

0  110  1 

row  3 

Add  rows  2  and  3,  replacing  row  3,  giving: 

'  1  1  0  0  0' 

row  1 

H  = 

0  10  11 

row  2 

.0  0  1  1  0^ 

row  3 

Add  rows  1  and  2,  replacing  row  1,  giving: 

■  1  0  0  1  r 

row  1 

H  = 

0  10  11 

row  2. 

0  0  1  10 

row  3 
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The  parity  check  matrix  is  now  in  the  form  of  the  S-parity  check  matrix  shown  above. 

The  same  transformation  can  be  performed  with  the  L-generator  matrix,  which  is: 


'go' 

"0 

0 

1 

1  1  ■ 

gl. 

1 

1 

0 

0  1 

Add  rows  1  and  2,  replacing  row  1: 


row  1 
row  2' 


^0 

’1 

1  1 

1 

O' 

.^1. 

1 

1  0 

0 

1 

row  1 
row  2* 


The  generator  matrix  is  now  in  the  form  of  the  S-generator  matrix  shown  above,  and 
messages  can  be  encoded  in  the  normal  way. 

All  three  of  the  Lexicographic-Greedy  (7,4)  codes  of  Appendix  Tables  7-9  have  the 
same  generator  matrix: 


'go' 

~1 

1 

1 

1 

0 

0 

O' 

gl 

0 

1 

1 

0 

1 

0 

0 

g2 

1 

0 

1 

0 

0 

1 

0 

g^. 

1 

L 

1 

0 

0 

0 

0 

1 

because  all  t^e  code  generations,  based  on  diffaent  basis  veaors,  produce  the  same  code 
words  (i.e.,  the  code  vectors  for  which  g  =  0).  However,  the  plots.  Tables  39-42  above,  of 
the  lexico^phic  ordering  of  these  codes  according  to  the  different  g-values,  i.e.,  the 
ordering  of  the  coset  vectors  or  noncode  words,  in^cate  (1)  S5nnmetries  underlying  that 
^d  (2)  differences  between  the  three  methods  of  code  generation  due  to  the 
dmerenc^  in  choice  in  basis  vectors.  The  standard  arrays  for  die  three  codes.  Appendix 
Tables  4-6,  dso  reveal  that  whereas  in  the  case  of  the  (7,4)  code  shown  in  Appendix  Table 
7  the  c<^t  l^ers  are  also  the  basis  vectors,  this  is  not  so  for  die  codes  shown  in 
Appiidix  Tables  8  and  9,  even  although  the  codes  themselves  generated  from  all  three  sets 
of  basis  vectors  are  the  same.  This  finding  will  have  a  bearing  on  the  design  of  efficient 
error  correction  codes  and  will  be  investigated  further. 
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1.2  Bit  Error  Analysis 

Azizoglu  et  addressed  performance  limitations  in  optical  CDMA  scenarios 
comparable  to  those  which  may  be  predicted  to  occur  in  future  OTDM  networks.  Witii 
reference  to  previous  exanples  of  codes  based  on  the  primary  number  11,  the  following 
variables  are  defined: 

•  F  chips  constitute,  in  our  terminology,  a  superframe.  For  a  11x11  code  matrix, 
F  =  ll^=121. 

•  Each  of  these  chips  is  of  duration  with  7;  =  being  the  duration  of  the  supeifiame. 

^  of  the  F  chips  are  occupied.  In  the  p  =  \\  codes  we  have  considered,  ^  =  11. 

The  informational  encoding  which  Azizoglu  et  al  consider  are  the  cases  of: 

•  users  in  the  network  sending  their  data  in  an  on-off  modulation  format,  so  that  for  a  “0” 
bit  a  user  sends  nothing  and  for  a  “1”  bit  a  temporal  signature  is  sent 

Clearly,  informational  encoding  could  be: 

•  a  pulse-position  modulation  scheme. 

For  optical  orthogonal  codes  (OOC),  two  code  words  cannot  overlap  at  more  than 

one  pulse  position.  As  there  are  ways  of  pairing  the  K  pulses  of  two  users,  the 
probability  that  a  pulse  belonging  to  a  particular  user  overlapping  with  one  of  the  pulses  of 
the  desired  user  is: 


where  the  factor  1/2  is  due  to  the  probability  that  the  interferer  is  transmitting  a  “1”  -  i.e., 
that  the  first  form  of  information^  encoding  has  been  chosen. 

If  M  is  the  number  of  users,  and  I  the  number  of  interfering  users,  the  pattern  of 
interferences  is  described  by  a  an  interference  vector,  Given  that  there  are  / 

interfering  users  -  each  interfering  at  exactly  one  pulse  position  -  there  is  a  variety  of 
possible  inteference  patterns.  Therefore,  the  vector,  (X,(l),  is  a  ^-dimensional  vector 
whose  i  th  element,  «,.(/),  represents  the  number  of  pulses  that  overlap  with  the  /th  pulse 

of  the  desired  user.  As  every  interfering  user  contributes  one  and  only  one  pulse^^,  tiie 
vector  satisfies: 


Xa,(/)  =  /  «,(/)€  {0,1,...,/}. 

»=1 

If  the  receiver  is  not  hard-limited,  then: 


Azizoglu,  M.Y.,  Salehi,  J.A.  &  Li,  Y.,  On  the  performance  of  fiber-optic  CDMA  systems.  Proc  IEEE 
GLOBECOM  1990,  San  Diego,  CA,  Dec.  1990,  pp.  1861-1865; 

Azizoglu,  M.Y.,  Salehi,  J.A.  &  li,  Y.,  Optical  CDMA  via  temporal  codes.  IEEE  Trans  Comm  40 
1162-1170,  1992.  ■’  ’ 

This  assumption  is  questionable. 
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ia.^Th, 


and  an  error  will  occur  if  /  >  T/i.  In  the  hard-limited  case,  Th  =  K  and  Azizodu  et  al  show 
that: 


for  the  hard-limiting  case,  Th  =  K.  This  probability  of  error  is  shown  in  Fig.  16  for  three 
values  of  M,  the  number  of  users. 


If  the  restrictions  on  the  auto-  and  cross-correlations  are  relaxed  from  A  =  Ito 
A  =  2 ,  upper  and  lower  bounds  can  be  given  to  the  error  probability: 

K  ni  f  i 

lower  bound  .  1-^2---] 

,=o  V  *  A  ^  V  ^  J. 


fK'^  ni  f  i  V 

upper  bound :  < 

1=0  V  *  A  ^  V  A  A 


iM-l 


where  p  =  K'^/AF.  Upper  and  lower  bounds  are  shown  in  Fig.  17,  for  M=50,  and  Fig. 
18.  for  M=10. 


Kostic  and  Titlebaum^o  have  also  addressed  the  problem  of  error  for  two  sets  of 
quadratic  congruence  codes  defined  with  respect  to  the  bound  on  the  maximiim  value  of  the 
inner  product  between  two  arbitrary  sequences  being  equal  to  2  -  Cq^,  or  equal  to  1  -  Cqc- 
Interference  is  represented  by  a  probability  distribution  function  (pdfTof  a  random  variaWe, 
/ .  For  the  set,  C’g^  and  prime  p,  the  pdfx&: 

- 1),  and 

£(/,)  =  !.  = 

P 

and  for  the  set,  Cqc,  the  pdf  is: 

Pdfc^  =^^S(0+^S(I,-l)+^S(l.-2).ml 

£(/,)  =  !.  a\0  =  ^Sfl, 


KosQc,  Z.  &  Titlebaum,  E.L.,  The  design  and  p^ormance  analysis  for  several  new  classes  of  codes  for 
optical  synchronous  CDMA  and  for  arbitrary-medium  time-hopping  synchronous  CDMA  communication 
systems.  IEEE  Trans.  Comm.,  42,  2608-2617, 1994. 
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With  the  variables,  A,  B  and  C,  defined  as: 

2p  p  2p 

4/7  2p  4/7 

for  the  sets  C’gc  and  Cgc,  respectively,  the  error  probability  is: 


1  N-2  i 

n-ifj 


(iV-l)! 
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2(N-1)  N-1  y.j 

y  y  _ (^-1)! _ 


Fig.s  19-22  show  fte  Oog)  enor  probability  versus  matched  filter  threshold  for  several 
codes  and  users.  Fig.s  23-26  show  the  ratio  of  the  error  probability  to  the  number  of 
sequences  in  a  set  versus  the  matched  filter  threshold  for  a  number  of  codes  and  users. 

These  calculations  indicate  that  the  probability  of  error  decreases  with  (1)  an 
mcrease  of  the  matched  filter  threshold  and  (2)  an  increase  in  code  length. 

The  upper  bound  of  the  probability  of  error  for  the  case  of  chip  synchronous  is^^: 


where  ‘J/i”  is  a  conelation  receiver  threshold,  0  <  Th  <  K.  Fig.  27  indicates  (a)  as 
exacted,  a  reduction  of  the  number  of  chips  per  frame  results  in  a  lowering  of 
performance;  and  (b)  as  the  receiver  threshhold  is  raised,  the  performance  improves. 

Fig.  28  on  the  other  hand,  indicates  that  using  more  pulses  in  a  sequence  does  not 
result  in  a  red^tion  in  performance  if  one  can  raise  the  receiver  threshold.  In  fact,  raising 
the  receivCT  uueshold  due  to  the  availability  of  more  pulses  in  the  code  results  in  a  much 
greater^  in  performance  thm  any  reduction  in  performance  due  to  there  being  more 
pmses  in  the  cock.  However,  if  the  number  of  pulses  in  the  code  were  increased  and  the 
threshold  were  kept  constant,  then  the  performance  would  degrade. 


Fig.  29  shows  the  result  for  the  case  of  the  number  of  slots  available  in  a 
supemame,  F,  bemg  much  larger  tiiM  the  number  of  users,  N.  In  this  case,  increasing  the 
n^ber  trf  users  results  in  a  reduction  of  performance  (increasing  N  from  10  to  50  is 
shown).  This  Ruction  in  performance  can  be  offset  by  hardlimiting  tiie  receiver.  An 
optical  hardlimiter,  or  threshold  element,  is  defined  as: 


Salehi,  J.A.  &  Brackett,  C.A.,  Code  division  multiple-access  techniques  in  optical  fiber  networks  - 
Systems  performance  analysis.  IEEE  Trans.  Comm.,  37, 834-842, 1989 
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g(x)  = 


1,  JC  >  1 

0,  0  <  jc  <  1 


is,  if  an  optical  light  intensity  (x)  is  greater  than,  or  equal  to,  one,  then  hardlimiting 
gives  an  output  of  one;  and  if  the  optical  light  intensity  is  smaller  than  one,  then  die 
response  of  the  hardlimiter  is  zero. 


If  hard-limiting  is  used  on  a  receiva*  front-end,  then  the  probability  of  error  for  the 
chip  synchronous  case  is: 


Fig.  30  (when  compared  with  Fig.  28)  shows  that  hard  limiting  increases  performance  by 
^proximately  1.5  orders  of  magnitude.  Fig.s  31  and  32  (when  compared  with  Fig.s  27 
and  29  indicate  the  same  level  of  performance  improvemenL 

In  the  case  of  asjmchronous  transmission  with  hard  limiting,  the  probability  of  error 

is^*: 


Fig.  33  indicates  the  improvement  of  hard-limiting  to  the  asynchronous  case.  TTie 
improvement  is  about  4-5  orders  of  magnitude. 

Because  the  number  of  users  is  imacceptably  low  with  the  critaion  X  =  1,  the 

consequences  of  raising  this  criterion  to  A,  =  2  has  been  examined.  With  Ij  users  interfering 
at  1  petition  and  /j  users  interfering  at  2  pulse  positions,  (giving  the  total  number  of 
interfering  pulses  =  4  +  24),  the  error  probability  is: 

with 
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k+k<M, 


K{K-\){K-1) 


The  probability  of  error  is  then: 


Pe 


1 

2 


1  yiL(™~y')/^J  (M-1)! 

2ft  fto 


4)! 


Azizoglu  et  al22  have  shown  that  the  statistic: 


c  ~ 


indicates  the  deviation  of  a  code  from  the  strict  orthogonal  optical  code  (OOC)  criterion. 
For  c  =  1  the  code  is  an  OOC.  For  c  =  0,  the  code  will  have  2  overlaps  in  auto-  and  cross- 
correlation.  Fig.s  34  and  35  show  the  error  probability  as  a  function  of  c  for  the  optimum 
ti^shold:  Th  =  wth  F  =  1000  and  for  the  hard-limiting  case.  These  Fig.s  show  that 
the  error  probabihty  increases  with  decreasing  c,  but  the  number  of  possible  users 
increases. 


On  introducing  hard-limiting  to  the  receiver,  and  with  X  =  2,  the  lower  bound  on 
the  error  probability  is: 


K)\ 


M-l 


and  the  upper  bound  is: 


Pe^ 


^  i=o  V  ^  A 


The  upper  and  lower  bounds  are  shown  in  Fig.  36,  for  M  =  50,  F  =  1000,  and  in  Fig.  37, 
forAf  =  10,  F  =  1000.  A  comparison  with  Fig.  38,  for  the  X,  =  1  case,  indicates  that  the 

performance  with  X  =  2  is  a  few  orders  of  magnitude  poorer,  but  as  pointed  out  by 
Azizoglu  et  al,  more  chips,  K,  can  be  used  for  the  codes,  thus  giving  compensatory 
performance  -  as  Fig.  28  clearly  shows.  Thaefore  the  conclusion  must  be  that  X  =  2  codes 

may  be  as  good  in  performance  as  X  =  1  codes,  while  possibly  offering  the  availability  of 
more  codes  to  more  users. 


22  Azizoglu.  M.,  Salehi,  J.A.  &  Li.  Y..  Optical  CDMA  via 
1162-1169. 1992. 


temporal  codes.  IEEE  Trans.  Comm.,  40. 
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1.4  Code  Design 

1.4.1  Perfect  Error-Correcting  Codes 

The  Greedy  code  algorithm,  which  generates  codes  according  to  a  designed 
distance,  d,  at  set  n,  provides  superior  codes  than  those  generated  by  the  conventional 
methods  of  commencing  with  a  designed  k,  at  set  n.  Greedy  code  algorithms  provide 
perfect  codes.  The  generation  of  perfect  codes  with  designed  distance  d,  which  are  usable 
means  that  the  rate  kin  must  still  be  less  than  the  channel  capacity,  C.  Pictorial 
representation  shows  that  the  Table  n  (7,4)  code  of  distance  3  is  the  most  symmetric. 
However,  this  code  was  not  considered  optimum  because  the  code  rate,  kin,  exceeds  the 
channel  capacity  of  0.408.  On  the  other  hand,  the  code  bounds  drived  are  intended  for 
large  n.  Ilierefore,  further  investigation  could  reveal  that  symmetry  does  play  a  role  in 
choosirig  the  optimum  Lexicographic  code.  This  task  must  be  left  for  future  work  as 
genoation  of  Lexicographic  codes  of  large  n  by  the  Greedy  code  algorithm,  ^thougji  now 
straightforward  because  we  have  generated  the  code,  requires  lengthy  code  modification 
and  data  treatment 

In  the  following  Tables  and  Figures  we  show  that  the  generation  of  good  error- 
corr^ting  codes  by  the  single  criterion  of  high  bit  error  correction,  t,  is  insufficient  to 
obtain  good  and  usable  codes.  Other  criteria,  such  as  a  code  rate,  kin,  permitted  by  the 
channel  capaci^  and  a  muiimization  of  the  probability  of  error,  are  also  determining 
factors. 


For  example.  Table  4  shows  various  d,  k,  t  md  M  values  for  an  /i  =  7  Linear 
Lexicographic  Code  generated  with  the  Greedy  algorithm.  The  highest  t  obtained  is  3  and  it 
imght  be  supposed  that  the  (7,1)  or  the  (7,0)  codes  are  equally  usable.  However,  Table  5 
shows  that  by  the  criterion  of  the  lowest  probability  of  error,  only  the  (7,1)  code  is  usable, 
but  even  that  conclusion  carries  the  penalty  that  only  2  (7,1)  codes  can  be  (M  = 

2)  at  the  designed  distance  of  7.  This  code  is  shown  in  Table  15  of  the  Appendix. 
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Table  5. 

Probability  of  Error  for  «  =  7  Lexicogr^hic  Greedy  perfect  codes  of  Appendix  Tables  10-16.  Those  with 
cc^e  rate,  kin,  less  than  the  Channel  Capacity,  C  =  0.408,  are  highlighted.  Of  these,  the  tow  of  the  code 
with  the  smallest  probability  of  error  (0.010)  is  shaded.  This  code  is  found  in  Table  15  of  the  Appendix. 
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.  displays  the  same  data  for  all  codes  in  another  way.  The  Figure  shows 

•  a  high  d  implies  a  low  k  (hence  a  low  M),  achieving  a  low  probability  of  error,  which 

IS  g^,  but  at  the  price  of  a  low  code  rate,  Idn,  which  is  not  good,  t  approximately  follows 
the  direcnon  of  d.  ^  rr  j 


62.  Hcto^  representation  of  Table  1.  The  data  points  for  which  k/n  <  C,  are  the  2nd,  3rd  and  4th 
trom  the  left  (larger  dots).  Of  these,  the  data  point  with  the  smallest  probability  of  etior  (0.010)  is  the  2nd. 

situ^on  improves  with  larger  n.  Fig.  63  shows  the  probability  of  error  versus 
die  protobility  of  bit  error  at  various  t  values  for  n  =  7.  Comparing  this  Figure  with  Fig. 

”  ~  1021,  we  see  that  a  larger  n  supports  a  largo- 1,  but  with  higho 
^oba^ty  of  tat  rarors  at  constant  t.  This  point  is  made  clearer  in  the  Log-Log  plots  of 
Fig.s  66  and  67  These  Fig.s  show  the  advantage  of  a  larger  n.  Although  at  the  same  t  for 
both  code  lengths  a  smallo  probability  of  bit  error  results  in  a  largo  word  error  at  larger  n 
the  largo  n  can  support  higho  r’s  and  hence  a  smaUo  probabiUty  of  word  error  is 
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Fig.  63.  The  probability  of  error  versus  the  bit  error  probability  (probability  of  symbol  error)  for  n  =  7. 
C  =  0.408  311(1  k/n  <  C,foT  t^3.  t  =  4  aiid  5  are  unusable. 


Fig.  64.  The  probability  of  error  versus  the  bit  error  probability  (probability  of  symbol  «ror)  for  n  =  1,021. 
P ^^P^.  C  =  0.989  and  kin  <  C,  for  all  r’s  shown.  All  r’s  are  usable,  as  are  larg^  ts  not 

shown. 

The  inqiact  of  the  channel  capacity  in  the  choice  of  codes  is  clearly  shown  in  Fig. 
65.  The  channel  capacity,  C,  is  0.408  and  only  k  =  0  and  1  provides  a  rate,  k/n,  which  is 
below  that  capacity.  A  feal  determination  of  tiie  usable  code  is  in  terms  of  the  probabilitv 
of  error  (Table  5). 


52 


53 


Fi^65.  Code  rate  kin  versus  d,  with  k  values  represented.  The  only  usable  kin  rates  less  than  C  are  for  it  = 
1 .  Of  these,  the  highlighted  data  point  is  optimum  with  respect  to  probability  of  error. 

The  essential  features  of  a  “good”  errar-conecting  code  arc: 

•that  its  distance,  d,  is  as  large  as  possible,  so  that  <2t  corruptions  can  be  detected,  and  <t 
bits  of  a  codeword  can  be  corrected,  if  d  =  2r  +  7.  (If  d  =  2r,  then  2t  -  1  errors  can  be 
detected  and  t  - 1  errors  corrected). 

tii^  the  code  is  constructed  so  tiiat  error  detection  and  correction  can  be  perfonned 
without  the  need  to  compare  the  received  vector  with  all  valid  codewords. 

•  that  the  code  is  constructed  with  sufficient  distance,  but  with  also  sufficient  number  of 
codewords,  M  =  2*,  generated. 
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Prob(bit  enor) 


k/n  k/n 


Fig.  70.  Bounds  on  the  coderate,  kin,  and  on  tin  with  (7,ik,t)  codes  and  channel  capacity  indicated.  Only  the  rates  for  the  codes  (7,1,2),  (7,1,3)  and  (7,03)  are 
acceptable.  Of  these,  only  the  (7,1,3)  code  is  optimum  with  respect  to  probability  of  error  (see  Table  2,  above). 
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These  requirements  dictate  that  each  codeword  be  surrounded  by  a  number  of 
vectors,  S(n,t),  which  describe  the  codeword  corrupted  by  single-bit  errors,  two-bit 
errors,  etc.,  up  to  r-bit  errors.  This  number  is  defined^^: 


5(n,0  = 


+ 

UJ 

J 


and 


M(X  +  S{n,t))<2\ 

For  large  n,  the  sphere-packing  bound  on  M  is: 

\og^M<n(X-H{a)), 

where 


H{a)  -  -{a  logj  a  +  (1  -  a) logjCl  -  a))  (the  entropy  junction). 


t  (rf-1) 
a  =  —  = 

n  2n 


The  code  rate,  k/n,  of  a  code  with  k  infcmnation  bits  is  then  defined  as: 

k/n^l-H(a). 

The  major  point,  however,  is  that  there  is  an  upper  limit  on  the  number  of  codewords  that 
can  exist  if  a  minimum  distance,  d,  is  a  goal. 

Shannon’s  theorem^'*  states  that: 

~  Pf‘ob(Decoding  Error)  =  Prob(No  codeword)  +  Prob(Two  or  more  codewords),  where 


Prob(2  or  more  codewords)  =  (M-1  )(l/^)\ 

g  =  {p+e)  =  a  =  t/n. 

The  above  reduces  to: 


ffn'^ 


+ 


n 


+  ...  + 


Prob(Two  or  more  codewords)  < 


M  <  where 


C  —  1  —  H(p)  is  the  capacity  of  a  binary  symmetric  channel. 


cf.  Purser,  M.,  Introduction  to  Error-Correcting  Codes,  Artech,  Boston,  1995. 
Shannon,  C,E.,  Communication  in  the  presence  of  noise,  IRE  Proc.,  37, 1949. 
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With  2"  possible  syndromes  and  J  error  pattCTns  of  weight  w,  then  for  t-error 
correction,  the  following  bound  must  be  true: 


1  + 


n 


n' 


ir 


\h 


<2 


n-ife 


^s  is  the  so-called  sphere-packing  bound.  Another  bound  can  be  constracted  by  requiring 

Ime^  independence  of  the  columns  of  the  parity  check  matrix,  H.  This  choice  of  columns 
results  m: 


fn-n 

,  + 

1  ) 

[it-l) 

<2"-*-L 

This  is  known  as  the  Varsharmov-Gilbert  bound. 

AnothCT  bound,  the  Plotkin  bound,  is  obtained  by  the  observation  that  for  given  t 

^  n  increases  by  1  bit,  the  number  of  codewords  at  most  doubles.  The  Plotkin  bound  for 
imear  codes  is: 

coderate  =  kln<l-  At  In, 
the  Varsharmov-Gilbert  bound  is: 

coderate  =  kjn  <  1  -  H{2tln) 
and  the  sphere-packing  bound  is: 

coderate  =  k/n  <  1  -  H{tln) 

Combining  the  Varsharmov-Gilbert  bound  and  the  sphere-packing  bound  gives: 

l-HCltln)<kln<\-Hitln). 

T3-  /:n  these  three  bounds  on  coderate,  kin,  and  on  tin  (for  large  n) 

Rg.  69  plots  values  for  a  vanety  of  codes  and  Fig.  70  plots  values  for  «  =  7  codes.  It  can 
seen  that  none  of  these  leaUy  satisfy  the  bounds,  but  n  is  smaU  for  all  the  codes  plotted. 
Shannon  s  thetMem  indicates  that  increasing  n  will  result  in  a  better  result,  but  this  wiU 
SSle^*^^^  providing  long  word  lengths  and  such  devices  are  not  yet 
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In  the  light  of  the  above,  the  following  Linear  Systematic  (5,2)  Code  is  examined: 


■  1 

0 

1 

1  o' 

0 

1 

0 

1  1_ 

'l 

0 

1 

0 

0 

H  = 

1 

1 

0 

1 

0 

» 

0 

1 

0 

0 

1 

and  compared  with  Linear  Lexicographic  (5,2)  Codes.  The  standard  array  for  the  Linear 
Systematic  code  is: 


Table  6:  Linear  Systematic  (5,2)  Code,  d  =  3 

Cn 

^2 

^3 

syndrome 

00000 

10110 

01011 

11101 

000 

10000 

Aoiio 

non 

01 101 

no 

01000 

11110 

AAoil 

10101 

on 

00100 

10010 

01111 

11001 

100 

00010 

unw 

01001 

11111 

010 

00001 

10111 

01010 

11100 

001 

MW' 

mi: 

The  standard  array  for  one  Linear  Lexicographic  code  generated  with  the  ordered  basis  set 
shown  in  column,  c^,  is: 


Table  7A:  Linear  Lexicographic  (5. 2)  Code,  d  =  3 

Cn 

C2 

^3 

syndrome 

00111 

11001 

lino 

000 

00001 

"001  lA 

11000 

11111 

001 

00010 

"OAlAl 

non 

11100 

010 

00100 

Aooii 

11101 

lioio 

100 

01000 

01111 

lAooi 

10110 

no 

10000 

10111 

Aiooi 

OHIO 

111 

JMT 

mi* 

In  order  to  make  a  direct  comparison  with  the  Linear  Systematic  (5,2)  code  of  Table  6  a 
second  Liiiear  Uxicographic  (5,2)  code  is  shown  in  Table  7B  with  the  first  six  rows  of  the 
Cg  column  identical  to  Table  6.  The  code  of  Table  6B  is  conq)letely  described  in  Table  1  of 
the  Appendix. 
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Table  7B:  Linear  Lexicogn^jhic  (5, 2)  Code,  d  =  3 

1  Co 

-  g/ 

syndrome 

11100 

10011 

01111 

ooO 

mm 

01000 

tUilUi 

00111 

■Qioim 

00100 

WTlTlTW 

01011 

00010 

11110 

■TIIITITB 

piinM 

on 

00001 

11101 

WlTlTra 

O 

o 

111 

iffaiie 

IS 

SI 

In  Tables  6, 7A  and  7B  the  vectors  of  weight  2  are  in  bold.  For  all  2-error  patterns 
atove  the  double  line  there  is  unambiguous  correspondence  with  the  coset  leader,  and 
the  syndrome.  However,  below  the  double  line  Aete  is  ambiguity  concerning  the  coset 
leader  assignment.  Both  the  Systematic  and  the  Lexicographic  c^es  have  this  ambiguity. 

The  ambiguity  of  the  assignment  of  the  coset  leaders  of  the  final  two  rows  is  also 
depicted  m  the  following  Tables  8,  9A  and  9B,  showing  the  weights  of  the  three  codes. 


Table  8:  Linear  (5,2)  Systematic  Code:  Weights 

_ 

Cl 

c. 

syndrome 

0 

3 

3 

4 

000 

1 

2 

4 

3 

110 

1 

4 

2 

3 

on 

1 

2 

4 

3 

100 

1 

2 

2 

5 

010 

1 

4 

2 

3 

001 

J  ^ . i 

Table  9A:  Linear  (5,2)  Lexicographic  Code:  Weights 

~--£|2 - 

C3 

syndrome 

0 

3 

3 

4 

1 

2 

2 

5 

001 

1 

2 

4 

3 

010 

1 

2 

4 

3 

100 

1 

4 

2 

3 

no 

1 

4 

2 

3 

111 
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Table  9B:  Linear  (5,2)  Lexicographic  Code:  Weights 

Co 

Cj 

C2 

^3 

syndrome 

0 

3 

3 

4 

000 

1 

2 

2 

5 

100 

1 

2 

4 

3 

010 

1 

2 

4 

3 

001 

1 

4 

2 

3 

on 

1 

4 

2 

3 

111 

3 

^  '  1 

Tables  10,  llA  and  IIB  show  the  g  values  of  the  Linear  Lexicographic  (5,2)  codes 
(Tables  1 1 A  and  1  IB),  assigned  to  the  Linear  Systematic  (5,2)  code  (Table  10): 


Table  10:  g  values  of  the  Linear  Lexicographic  (5,2)  Codes  (Tables  1  lA  and 

1  IB)  corre^nding  to  the  Linear  Systematic  (5,2)  Code  of  Table  4. 

*  Codewords  of  the  Linear  Lexicogrtq)hic  Code  of  Table  1 1  A,  below. 

^7 

^2 

5 

4 

7 

3 

000 

5 

1 

2 

6 

110 

4 

* 

3 

7 

on 

3 

7 

4 

♦ 

100 

2 

6 

5 

1 

5io 

1 

5 

6 

2 

001 

1 

5 

6 

2 

101 

4 

* 

3 

7 

111 

Table  11  A:  g  values  of  the  Lexicogrtq)hic  (5,2)  Code. 

c, 

c. 

5 

TT 

0 

0 

0 

000 

1 

1 

1 

1 

001 

2 

2 

2 

2 

■ois 

3 

3 

3 

3 

ioo 

4 

4 

4 

4 

no 

5 

5 

5 

5 

111 

6 

6 

6 

6 

ibi 

7 

7 

7 

7 

on 
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Table  IIB:  g  values  of  the  Lexicogn^hic  (5,2)  Code. 

- - ^ _ 

c, 

C2 

c. 

s 

0 

0 

0 

0 

000 

1 

1 

1 

1 

001 

2 

2 

2 

2 

010 

3 

3 

3 

3 

100 

4 

4 

4 

4 

110 

5 

5 

5 

5 

111 

6 

h 

6 

6 

iol 

7 

n 

7 

7 

oil 

The  major  ^erence  shown  by  these  Tables  between  the  Linear  Systematic  (5,2) 
and  the  Linear  Lexicographic  (5,2)  codes  is  that  the  Linear  Lexicographic  code  is  a  perfect 
code,  the  Linear  Systematic  code  is  not  A  perfect  code  is  defined  as  follows. 


•  There  are  2"*  possible  distinct  syndromes  and 
therefore,  for  t  error  correction,  we  require  that: 


distina  error  patterns  of  weight  w. 


1  + 


+ 


(n^ 

.2; 


+  ...+ 


<  2"~*. 


For  a  given  (n  -  k)  and  n,  this  gives  an  upper  bound  for  the  number  of  correctable  bits  in 
error,  t.  An  (njc)  linear  code  for  which  the  inequality  becomes  an  equality  is  a  perfect  code. 

•  A  perfect  r-error  correcting  code  can  correct  all  errors  of  weight  <  t. 

•  In  Ae  case  of  a  perfect  code,  the  spaces  of  radius  t  around  a  codeword  are  disioint  and 
together  contain  all  vectors  of  length  n. 

•  A  nonoivial  perfect  code  over  any  field  must  have  the  same  parameters  n,  M  and  d  as  one 
of  the  Hamming  and  Golay  codes^. 

•  Levenstein  proved  the  linearity  of  the  Lexicographic  Codes  and  that  the  Hamming  codes 
are  Lexicographic  Codes^®.  In  particular,  the  Lexicographic  Codes  for  n  =  2"  -  1  and  d  =  3 
are  the  Hamming  Codes. 

•  The  Lexicographic  Code  for  n  =  23  and  d  =  7  is  the  binary  Golay  Code.  The 
Lexicographic  Code  for  n  =  24  and  d  =  8  is  also  the  binary  Golay  Code^^. 


^  TietSvainen,  A.,  On  the  nonexistence  of  perfect  codes  over  finite  fields.  SIAM  J.  Appl  Math  24  88- 
96,  1973;  ’ 

Van  Lint,  J.H.,  Introduction  to  Coding  Theory,  2nd  Edition,  Springer,  New  Yoric,  1992,  page  102* 
^cWilliams,  FJ.  &  Sloane,  N.J.A.,  The  Theory  of  Error-Correcting  Codes,  Nordi  Holland,  1977,  page 

^  Leven^in,  V.I.,  A  class  of  systematic  codes.  Dokl.  Akad.  Nauk,  1, 368-371, 1960. 

Brualdi,  R.A.  &  Pless,  V.S.,  Greedy  codes.  /.  Combinatorial  Theory,  A  64, 1993, 10-30. 


61 


62 


Perfect  codes  permit  the  sphere-packing  bound  to  be  exactly  obtained.  Therefore 
their  use  is  preferred.  The  Lexico^phic  codes,  as  perfect  codes,  also  permit  a  designed 
dist^ce,  d.  pierefore,  Acre  is  an  importance  to  the  matiiematical  structure  underlying  the 
Lexicographic  Codes.  Figures  71-74  and  75-81  provide  pictorial  representations  of  the  g- 
values  or  lexicographic  ordering  of  the  n  =  7  codes.  Fig.s  71  and  76  show  that  the 
Appendix  Table  1 1  (7,4)  code  of  distance  3  is  the  most  symmetric.  However,  this  code 
was  not  considered  optimum  because  the  code  rate,  kin,  exceeds  the  channel  capacity  of 
0.408.  On  the  other  hand,  the  code  bounds  derived  are  intended  for  large  n.  Therefore, 
further  investigation  could  reveal  that  symmetry  does  play  a  role  in  choosing  ±e  optimum 
Lexicographic  code.  This  task  must  be  left  for  future  work  as  generation  of  Lexicographic 
codes  of  large  n  by  the  Greedy  code  algorithm,  although  now  straightforward  because  we 
have  written  the  code,  requires  lengthy  code  modification  and  data  treatment 


1.4.2  The  Trade-off  between  Low  Out-of-Phase  Auto-Correlation  and  Low 
Cross-Correlation  in  Orthogonal  Codes. 

Techniques  have  long  been  known  for  generating  hopping  patterns  which  have  low 
cross-correlation.  In  particular,  Reed-Solomon  codes^*  can  be  divided  into  disjoint  sets, 
each  of  wWch  contains  aU  the  cyclic  time-frequency  translates  of  any  member  of  the  subset. 
By  selecting  one  member  from  each  subset,  a  family  of  patterns  is  generated  with  low 
cross-correlation^^.  The  Merseieau  and  Seay  selection  techmque  originally  addressed  tinv. 
and  frequency  shifts  in  a  fr^uency  hopping  scheme.  Here,  we  adapt  it  to  address  a  timp. 
hopping  scheme.  The  selection  technique  is  to  arrange  the  R-S  codewords  into  sets  and 
choose  each  code  word  by  not  permitting  cyclic  frame  or  cyclic  slot  shifts.  In  order  to 
achieve  these  conditions,  the  following  rules  iq>ply: 

1.  Let  a  codeword  c,  be  defined  as:  c,  =  [n(,,n^,...,nt]G.  A  value  for  the  first  coordinate 
is  chosen  to  be  common  to  all  (it  -i-  i)-tuples. 

2.  A  nonzero  value  for  the  second  coordinate  Hj  is  chosen  to  be  common  to  all  (it  +  /)- 
tuples. 

3.  All  possible  combinations  of  values  are  assigned  to  the  remaining  coordinates. 

These  conditions  imply  that  if  is  an  allowed  (it  +  7)-tuple,  then 

{no,nj(x‘ for  all  t  are  not  allowed  (^  +  7)-tuples. 

These  conditions  also  imply  that  ^  0,  which  means  that  the  cyclic  time  shifts  of  a 
given  codeword  are  distinct.  (If  Hj  =  0,  cyclic  time  shifts  of  the  original  code  word  can 
exist  giving  the  original  code  word,  i.e.,  the  period  of  the  waveform  is  less  than  p  —  i  (the 
number  of  slots  per  frame)).  However,  if  there  is  a  codeword  corresponding  to  n,^0, 
then  if  Cj  =  ,...n^cc  ]G  is  the  cyclic  time  shift  of  Cj  with  time  shift  t,  it  follows  that 

no  time  shift  of  c.  is  equal  to  c,. .  This  follows  by  choosing  one  codeword  from  each  subset 

having  Uj  ^  0.  Thus  the  Merseau-Seay  selection  procedure  provides  having  at  most  k 
overlaps  for  all  time  shifts. 


^eed,  I.S.  &  Solomon,  G.,  Polynomial  codes  over  certain  finite  fields.  J.  of  the  Society  for  Industrial  and 
Amtied  Mathematics  (SIAM),  8,  300-304, 1960. 

^^ersereau,  R.M.  &  Seay,  T.S.,  Multiple  access  frequency  hopping  pattans  with  low  ambiguity  IEEE 
Trans.  Aerospace  &  Electronic  Systems,  AES-17, 571-578, 1981. 
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The  following  examples  (Fig.s  53-56),  adapted  for  time  hopping  (instead  of 
frequency  hopping)  test  this  prediction. 


63 


Beed-Soloraon/nsi  [0,1,0,01&[0, 1,1,0]  yp=23/Crossc . 


Solomon  code,  Example 2:  c  =  nG,  G=  5  5^  5^  ...  1  ,  n  =  [14,l,3]. 


Reed-Solotion/ns  [7 , 1 , 1 1&|  14 , 1 ,3  J  /p=i23/Crossc . 


NO 

VO 


NO 


NO 


00 

VO 


00 

VO 


^  I 


I 


Shaar  &  Davis  #1^  p=ll.  Ho  2,  Autocorr.  Shaar&Davis  #1,  Ho  p=ll,  Crosscorr. 


VO 


o 

r- 


^^Shaar,  A.A.  &  Davies,  P.A.,  A  survey  of  one-coincidence  sequences  for  frequency-hopped  spread-spectrum  systems.  lEE  Proc,^  131  Pt  F,  719-724, 1984. 
^^haar,  A. A.  &  Davies,  P.A.,  Prime  sequences:  quasi-optimal  sequences  for  OR  channel  code  division  multiplexing.  Electron,  Lett.^  19, 888-890, 1983. 
^^itlebaum,  E.L.,  Time-frequency  hop  signals.  Part  I:  Coding  based  upon  the  theory  of  linear  congruences.  IEEE  Trans.  Aerospace  Electronic  Systems,  AES 


Shaar  &  Davis  #2,  P=ll^  Ho  1,  Autocorr.  Shaar  6t  Davis  #2,  P=ll/  Ho  2^  ^utocorr. 
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We  see  that  Construction  1  (Fig.s  56.5-56.8)  and  Construction  2  (Fig.s  56.9- 
56.12)  of  Shaar  &  Davies  give  opposite  results  -  excellent  auto-correlation  properties  and 
poor  cross-correlation  propoties  in  the  case  of  the  former,  and  vice-versa  in  Ae  case  of  the 
latter.  In  the  next  section,  we  analyze  the  reasons  for  this  apparent  tradeoff  between  auto- 
and  cross-correlation  properties.  This  leads  us  to  consider  the  tradeoff  between  low  out-of- 
phase  auto-correlation  and  low  cross-correlation: 

The  following  analysis  is  based  on  Sarwate^^,  and  adapted  for  use  in  the  time 
hopping  context  (instead  of  the  frequency  hopping  context).  Let  t  denote  the  number  of 
time  slots  in  a  frame  of  a  TH  system,  and  r,.  denote  the  center  frequency  of  the  i  'th  slot, 
then  a  time  hopping  pattern  is  a  sequence, 

x  =  (Xj,X2,...,Xj.)  or  x  =  (x,^,x,^,....x^)  (1) 

of  T  elements  from  the  set  [x,,  rj  of  possible  slot  positions,  x  specifies  the  order  in 

which  the  slots  are  to  be  used  in  a  particular  code.  A  composition  vector,  F(x),  of  the 
sequence  x  is  defined  as: 

F(x)  =  [F,(x),FJx),...,F,(x)],  (2) 

where  T/x)  denotes  the  number  of  times  that  time  positioning,  r,.,  is  used  or  occupied  in 
X.  (For  hyperbolic  congruence  codes  and  quadratic  congraence  codes,  one  time  slot  is 
occupied  per  frame,  i.e.,  F.(x)  =  1,  for  all  i,  and  so  for  p=l  1,  F(x)  =  10). 

Therefore, 


j^F,(x)  =  F.  (3) 

(For  hyperbolic  congraence  codes  and  quadratic  congraence  codes,  one  rime  slot  is 
occupied  per  frame,  i.e.,  F,(x)  =  1,  for  aU  /,  and  so  for  p  =  11,  F  =  10). 

Furthermore^^: 


X  F^x)  =  [F^x)!'  >  F  -  +  r -If  mod  t) .  (Afi 

i=0  t  J  t 


35sarwate,  D.  V.,  Reed-Solomon  Cbdes  and  the  Design  of  Sequences  for  Spread-Spectrum  Multiple-Access 
Communications,  pp.  175-204,  in  Wicker,  S3.  &  Bhargava,  V.K.  (Eds)  Reed-Solomon  Codes  and  Their 
Applications,  IEEE  Press,  1994. 

^“Lempel,  A.  &  Greenberger,  H.,  Families  of  sequences  with  optimal  Hamming  correlation  properties. 
IEEE  Trans.  Iirformation  Theory,  17-20, 90-94, 1974. 

^'^The  symbol  [  J  is  used  for  rounding  downwards,  i.e.,  j^xj  =  max{n  eZln<x}.  .Similarly  the 
symbol  f  ~\  is  used  for  rounding  downwards. 


72 


73 


(In  the  case  of  HCC  and  QCC,  for  — 11,  F  is  an  integer  multiple  of  — ,  so  no  rounding 


downwards  and  upwards  occurs,  i.e,,  F 


.t  J  t  t 


t 


Therefore: 


t-1 


'ZFfM  =  ir’fjrf  >  =  10.) 


Equality  holds  in  Eq,  (4)  if  and  only  if: 

for(F  mod  t)  values  of  / , 


Ffx)  = 

Pi(x)  = 


F 

t 


F 

Lr  J 


for  t-(F  mod  t)  values  of  i. 


(5) 

(6) 


(In  the  case  of  HCC  and  QCC,  for  p  =  1 1,  Ffx)=  =  P) 

The  following  apply  under  the  specific  magnitudes  of  F  and  t: 


|FJ_^|'F| 


(F  modt)  =  F  ifF<t, 


(7) 


also 


J  F 

fFl 

F  -  h- 

- 

LfJ 

t  1 

and 

JF|  1 

fFl 

F  —  -t- 

- 

It] 

t  1 

F^ 

\(F  mod  t)> — , 
t 


EL 

t 


(8A  &  8B) 


(As,  in  the  case  of  HCC  and  QCC  F  =  r,  then  fE  =  —  =  IEL  =  iq-p\ 

t  t  10 


Now  the  Hamming  ooss-correlation  functions  for  two  time  hopping  patterns  x 
and  y,  is:  rr  » r  > 

F 

^x.y(j)  —  ^h(Xi,yi^!),0<j<F  —  l,and  the  sumi  +  j  is  modulo  F ,  (9) 

i-J 


and 


*  Greenberger,  H.,  Families  of  sequences  with  optimal  Hamming  corelation  pioDerties 
IEEE  Trans,  //formation  Theory,  IT-20, 90-94, 1974.  ^ 
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h(a,b} 


lif  a  =  b, 
Oifa^b. 


Alternatively, 


H^Jj)  =  F-d(x,S ^y) ,  where 


(10) 


(11) 


d(x,y)is  the  Hamming  distance  between  sequences  x  and  y;  and  S  is  a  one-place  left 
shift  operator.  The  Hamming  autocorrelation  function  is  H^( j). 

ff  is  the  average  Hamming  cross-correlation  value,  and  is  the  average  out- 
of-phase  Hamming  autocorrelation,  then: 

=  't.Fimiy) = (12) 

j=\  .=1 


and 


(F-l)H^^='^HJj)={F(x),F(x))-F  =  '^(x)\-F.  (13) 

J=1 


For  any  sequence: 


F-1 


F 

t 


(14) 


(^d  for  HCC  and  QCC,  p=l  1,  Eq.  (14)  indicates,  trivially,  that  the  average  ccmelation 


The  maximum  out-of-phase  correlation  is: 


max 

0<j<T 


(15) 


Again,  for  HCC  and  (JCC  this  is  a  trivial  result,  e.g.,  for  p=ll,  Eq.  (15)  gives  the 
maximum  out-of-phase  autocorrelation  as  greater  than  or  equal  to  9,  when  the  in-phase 
autocorrelation  is  10. 


If  K  is  the  set  of  k  hopping  patterns  of  period  F,  then: 

jceK  yeK  J=1  ||  xeX  || 


As: 


and 


Y,Pi(x)>0  for  alii 

JccK 
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'Z'ZF,(x)  =  kF, 


i=i  xeK 


the  right-hand  is  smallest  when: 


for  ( IcF  mod  t)  values  of  i , 


for  t-(kF  mod  t)  values  of  i 


(17) 

(18) 


(For  HCC  and  QCC,  p  -  11,  there  are  10  orthogonal  codes  which  can  be  generated,  so 
k  =  10  and  ^  =  10.) 


If 


Hc(^)  is  the  average  value  of  over  all  k(k - 1)  hopping  patterns  x  and  y  in  K 

and  all  j,  1  <  7  <  F, 

HJit)  is  the  maximum  value, 

HJ^)  is  the  average  value  of  H^(j)  over  all  k(k-l)  hopping  patterns  x  €  K  and  all  j,0<j<F 
HJH)  is  the  maximum  value. 


H_(^)  =  max{HJit),HJ^)} , 

=  max{HJiit),HJ^)] , 
then  from  Eq.  (16): 

lc(k-  1)FHJ^)  +  k(F  -  >  k(k  -  1)FHJ^)  +  k(F  -  1)HJ^) 


(To  put  the  result  of  Eq.  (19)  in  perspective,  for  HCC  and  QCC,  p  =  1 1 , 
^^^-kF  =  900.) 


(19) 


\ikF>t'. 


t  k 


(20) 


75 


76 

This  is  the  lower  bound  of  the  maximum  and  average  correlation  all  codes  being  used.  (In 

F  1  9 

the  case  of  HCC  and  QCC,  p=ll,-^^ —  -  =  — ).  However,  this  result  is  hardly  useful.)  A 
Singleton  bound^^  is: 


H^m>\log,(lcF)\-l,  (21) 

which,  for  HCC  and  QCC,  p  =  1 1,  is  >  7,  and  again,  hardly  useful. 

What  is  useful,  is  to  recast  Eq.  (19)  in  the  form^: 

a  H.m)  +  /],  (22) 

making  evident  the  tradeoff  between  the  maximum  or  average  ctosscorrelation  and  die 
maximum  or  average  autocorrelation.  For  example,  for  HCC  and  (JCC,  p  =  1 1, 

//JS) +|//JX)  >  >  1. 

The  lower  bound  is  not  very  helpful,  but  if  the  cross-correlation/auto-correlation  -  whethCT 
Ae  maximum  or  the  average  -  is  decreased,  then  the  auto-correlation/cross-correlation  is 
increased.  Ctae  should  caution  that,  as  different  weights  arc  attached  to  the  cross-  and  the 
auto-correlation,  the  increases  and  decreases  in  either  are  not  commensurate. 

Adapting  methods  in  Ref.***  which  addressed  accuracy  considerations  in  frequency 

hopping  to  time  hopping,  the  time,  accuracy  and  stability  {TAS)  of  the  transmitting  and 
receiving  system  is  equal  to: 


0.4 


maximum  slot  position  x  total  number  of  frames 


,or 


TAS^-s^^  < 


0.4 

txT 


0.4 

*2 


which,  forp  =  11,  is: 


0  4 

TAS,^,<  — 

<-30,)  J2J 


0.0033, 


^^van  Lint,  J.H.,  A  Course  in  Coding  Theory,  Springer,  Berlin,  1989; 

Sarwate,  D.V.,  Reed-Solomon  Codes  and  the  Design  of  Sequences  for  Spread-Spectrum  Multiple- Access 
Communications,  pp.  175-204,  in  Wicker,  S.B.  &  Bhargava,  V.K.  (Eds)  Reed-Solomon  Codes  and  Their 
^plications,,  IEEE  Press,  1994. 

Sarwate,  D.V.,  Reed-Solomon  Codes  and  the  Design  of  Sequences  for  Spread-Spectrum  Multiple- Access 
Communications,  pp.  175-204,  in  Wicker,  S.B.  &  Bhargava,  V.K.  (Eds)  Reed-Solomon  Codes  and  Their 
Applications^  IEEE  Press,  1994. 

^^Albicki,  A.,  Kinnen,  E.,  Sobski,  A.,  Titlebaum,  E.  &  Wronski,  L.D.,  Distribution  System  Alarm  Using 
a  Multiple  User  Access  Communication  System:  Transmitter  and  Receiver  Design  for  Pilot  Project,  Phase 
I.,  Techmcal  Report  #1,  June,  1992,  Rochester  Gas  and  Electric  Corporation. 
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or,  approximately  three  parts  per  1,000.  If  a  slot  is  defined  as  1 
per  1,000  psec.s. 


psec.,  then  this  is  3  parts 


Defining,  what  is  called  in  frequency  hopping:  a  hop  expander. 


tT 


then: 


0  4 

TAS,^, 

ptremely  good  correlation  bounds  can  be  obtained  for  both  time  hopping  and  fiequencv 
hopping  (Fig.  58)  -  but  not  without  a  price.  The  timing  accuracy  plots  for  rime  hopping 
^uiv^ent  to  frequency  accuracy  plots  for  frequency  hopping,  are  shown  in  Fig.  58. 
Ue^ly,  for  large  N  or  large  H ,  the  timing  accuracy  required  is  high.  Thus,  increasing  H 
results,  mathematic^y,  in  better  side-lobe-to-main-lobe  ratios  in  auto-correlations  and 
CToss-correlations,  but  the  price  paid  is  in  the  hardware  requirement  of  more  stringent 
^g  accuracy  -  as  shown  in  Fig.  59.  Indeed,  Fig  60  shows  that  for  a  code  of  length 
1,021,  the  TAS  is  10*^^,  or  1  part  per  10^^  slot  durations. 

HowevCT,  the  accuracy  problem  for  time  hopping  is  not  as  severe  as  that  for 
ir^ency  hopping.  Wh^as  it  is  necessary  for  every  ^uency  position  to  be  recognized 
m  frequency  hoppmg  it  is  not  necessary  in  the  case  of  time  hopping  for  the  clock  to  set  the 

^  but  ither  everTframe  wito 

the  slots  witlM  the  frame  set  by  off-setting  from  the  firame  trigger.  Therefore,  the  accuracy 
required  m  time  hoppmg  is  set  by  the  accuracy  of  the  clock  setting  of  the  frame.  Fig  61 

shows  that  in  this  case  for  a  code  of  length  1,021  the  TAS  is  10-8,  or  1  part  in  lO*  frame 
durations  -  an  achievable  accuracy. 
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1.5  Symmetry  in  Code  Design 

Fig.s  13-15  show,  for  the  first  time,  symmetries  underlying  the  orthogonal 
congmence  codes  and  the  Welch-Costas  arrays.  However,  we  have  not  yet  been  able  to 
relate  these  revealed  symmetries  to  the  auto-  and  cross-correlation  properties  shown  in 
Table  3.  Fig.s  43-46  are  bas^  on  spacing  statistics  and  are  more  encouraging.  The  two 
codes  which  possess  a  superior  mix  of  auto-  and  cross-correlation  properties,  the  quartic 
Md  the  quadratic  congruence  codes  Fig.s  44  and  45,  exhibit  a  more  complex  symmetry  -  a 
“symmetry  modulation”  -  than  do  the  cubic  and  hyperbolic  congmence  codes.  Fig.  43,  and 
the  Welch  Costas  arrays.  Fig.  46. 

A  suireal  number^^  representation  of  these  codes,  Fig.s  47-51,  is  also  preliminary, 
and  the  most  that  can  be  said  is  that  the  Welch-Costas  arrays  again  reveal  the  simplest 
representation,  perhaps  correlated  with  the  superior  auto-correlation  performance  which  is 
offset  by  the  decidedly  inferior  cross-correlation  performance,  as  shown  in  Table  3. 

Turning  to  the  Lexicographic  codes,  analyzed  in  Fig.s  39-41,  the  codes  shown  are 
all  n  =  7,  ^  =  4  and  of  design^  distance  d=  3,  but  each  lexicographic  ordering  is  based  on 
a  different  ordered  basis,  although  each  ordering  provides  the  same  code  set.  We  see  that 
the  first  (Fig.  39,  Appendix  Table  7)  and  the  third  (Fig.  41,  Appendix  Table  9)  provide 
perfect  left-right  symmetry.  The  second  (Fig.  40,  Appendix  Table  8)  is  not  symmetrically 
ordered. 

Fig.s  71-74  and  75-81  address  changes  in  lexicographic  ordering  as  the  designed 
distance,  d,  is  changed.  Fig.s  71  and  76  (of  the  (7,4,3  ordering)  stand  out,  exhibiting  die 
greatest  symmetry.  However,  as  stated  in  the  discussion  of  perfect  codes,  this  code  was 
not  considered  optimum,  because  the  coderate,  k/n,  exceeds  the  channel  capacity  of  0.408. 
On  the  other  hand,  the  code  bounds  derived  are  intended  for  large  n.  Therefore,  further 
investigation  might  reveal  that  symmetry  does  play  a  role  in  choosing  the  OTtimum 
Lexicographic  code. 


Knuth,  D£.,  Surreal  Numbers,  Addison-Wesley,  Reading,  MA,  1974; 
Conway,  J.H.,  On  Numbers  and  Games,  Academic,  New  York,  1976. 
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2.0  Hardware  Analysis 

optical  switches  being  considered  utilize  optical  interconnects 
with  electronic  controH^  Tjjg  optical  switching  fabric  using  such  methc^  includes  optical 
cross  connects  and  optical  multiplexers.  Fully  optical  switching^  remains  in  the  laboratory 
and  requires  optical  random  access  memories,  logic  and  control.  Wavelength  division 
^inplexing  (WDM)  is  imique  to  photonics  and  was  utilized  recently  in  a  demonstration^. 
The  status  of  the  photonics  device  technology  has  been  recently  reviewed'*®,  but  remains 
still  thirty  years  behind  that  of  electronics. 

WDM  is  mostly  acTOmplished  with  grating  techniques.  The  use  of  active  WDM, 

implementing  opto-electronic  conversion,  for  cross-connect  applications  can  increase  the 
cap^ity  as  well  as  the  flexibility  of  networks.  The  first  demonstration'*^  of  a  managed 
multiwavelength  network  has  been  described. 

All  optical  networks  are  ideal  for  implementation  of  network  transparency.  By 
iTMsparency  is  meant  that  the  user  may  choose  any  coding  format  and  bit  rate,  i.e., 
independence  from  designated  channels  is  obtained.  However,  all  of  this  remains  at  the 
laboratory  level,  as  presently  optical  networks  are  analog,  noisy,  nonlinear 
nonregeneratmg  and  rensitive  to  crosstalk^,  as  opposed  to  electronic,  digital,  signal- 
restonng  systems.  It  is  presently  believed  that  electronics  and  optics  complement  each 
other,  so  ih^  an  electronic  bottleneck  is  encountered  in  transmission  capacity,  and  a 
photomc  bottleneck  in  channel  granularity'*^.  ^  ^ 

Transimssions  based  on  the  synchronous  digital  hierarchy  (SDH)  and  switehine 
^hmques  such  as  asynchronous  transfer  mode  (ATM)  utilize  electronic  signal  processing 
However,  it  is  felt  that  network  solutions  based  on  electronics  will  become  increasinglv 
complex  and  expensive.  Therefore,  the  future  lies  with  optics.  Already  the  capacity  of 
s^dard  mstalled  is  greater  than  is  currently  used  -  by  a  factor  of  1000.  This  propels 

me  search  for  optical  device  technology  which  will  permit  the  exploitation  of  this  capacity. 

There  are  two  major  approaches  to  exploitation  of  the  fiber  capacity: 

•  wavelen^  (tivision  multiplexing  (WDM)  in  which  signals  of  different  carrier  ftequencies 
are  multiplexed  onto  a  fiber,  and 


'*3  Thylen,  L  I^lsson,  G.  &  Nilsson,  Switching  technologies  for  future  guided  wave  optical  networks* 
^n^  and  limitations  of  photonics  and  electronics.  IEEE  Communications  Magazine,  February.  1996, 

Tech.  J.,  1975-1993,  1982;  Gibbs. 

H.M.,  Optical  Bistability:  Controlbng  Light  with  Light,  Academic,  New  York,  1985. 

55^praz,  J.,  ATM:  current  status  and  perspectives  of  evolution.  Proc.  ECOC  ‘94,  Firenze,  Italy,  1994,  p. 

^  Thylen,  L.,  wd  s^ranductor  guided  wave  optics  in  switching  and  inteir-nniiects.  In  A. 

Mar^chi  (ed),  Photonic  Switching  and  Interconnects,  Marcel  Dekka,  New  York,  1994. 

1 1  ’-rn  network  layer  based  on  optical  network  elements.  IEEE  J.  Lightwave  Tech., 

11,  no  d/o,oo7-79,  1993. 

BER  floors  in  N  X  N  space  photonic  switches. 

19  W  Topical  Mtg  on  Optical  Networks  and  Their  Enabling  Techologies,  Lake  Tahoe,  NV, 

'*9  Blumenthal,  D  Channel  capacity  and  bit-rate  limitations  of  WDM  multihop  photonic  switched  all 
Islam,  M.N.,  Ultritfast  Fiber  Switching  Devices  and  Systems,  Cambridge  University 
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•  ultra-high  bat  rate  t^smission  (up  to  1(X)  Gb/s)  using  extremely  short  pulses  generated 
by  multiplexing  optical  tributary  data  streams  or  optical  time  division  multiplexing 
(OTDM).  ^ 

Both  techniques  can  be  used  in  switching  and  routing  of  signals.  While  all  signal 
processing  within  telecommunication  networks  is  currently  perform^  electronically,  WDM 
routing  is  well  understood  and  can  be  in^lemenred  readily  in  the  future  with  commercially 
available  components.  It  is  another  story  with  OTDM,  the  components  of  which  are  still 
only  laboratory  demonstrated. 

Presently,  the  upper  limit  of  the  number  of  WDM  wavelengths  is  10,  but  it  is 
predicted^®  that  numbers  on  the  order  of  100  will  be  required  in  the  future  for  long  distance 
(>3000  km)  transimssions.  For  such  requirements,  fiber  nonlinearities  producing  crosstalk 
will  pose  a  constraint  on  the  numt)er  of  wavelengths  used  and  over  what  distance  they  can 
be  used.  Two  of  the  major  nonlinear  effects  potentially  interfering  with  transmission  over 
long  distances  are  four-wave  mixing  (FWM)  and  stimulated  Raman  scattering.  Recently, 
compensation  techniques  have  been  used^i  to  reduce  FWM  distortion  to  achieve  16  10-Gbs 
channels  over  1000 1^.  However,  ctirrentiy  there  is  no  simple  way  to  eliminate  SRS. 

The  subcomponents  necessary  to  implement  OTDM  is  advancing.  A  mode-locked 
filaer-iing  laser  (ML-FRL)  has  been  used  to  generate  3.5  ps  pulses,  which  were  then 
externally  modulated  and  time  multiplexed  by  16  to  generate  a  100  Gbs  pulse  irain^^  This 
train  was  transnutted  over  500  km  of  dispersion-shifted  filter.  OIDM  demultiplexing  is 
necessary  in  which  the  demultiplexer  is  driven  at  the  clock  rate  of  the  individual  tributary 
channel  ^d  not  at  the  full  line  rate.  Eith^  electro-optical,  or  all  optical  gating  approaches 
are  r^uired  for  such  demultiplexing.  The  fiber  nonlinear  optical  loop  mirror  (NOLM) 
techmque  has  Iteen  shown  to  produce  subpicosecond  multiplexing  at  10  GHz  repetition 
rate53. 


It  is  envisaged  that  a  combination  of  WDM  and  OTDM  networks  are  required  for 
transmission  of  large  numbers  of  wavelengths  over  large  distances.  Such  combinations 
would  require  the  mapping  of  an  A^-channel  WDM  system  into  an  iV-channel  OTDM 
system.  Such  multiplexers  are  beginning  to  Ite  proposed  (cf^). 

Presently,  there  still  exists  a  3-order-of-magnitude  mismatch  between  optical  fiber 
and  electronic  device  capacity.  Whereas  electronic  devices  and  systems  attain  bit  rates  in  the 
range  of  gigabits  per  second,  photonic  networks  may  exceeds  1  Tlrits/sec.  nierefore  all 
optical  methods  are  being  developed  to  address  this  mismatch. 

For  example,  the  combination  of  spectral  holography  with  conventional  spatial 
Fourier  transform  holc^raphy  permits  the  conversion  of  tenqxtral  signals  into  spatial 
signds  and  vice-versa^^  These  conversions  can  be  realized  in  real  time,  providing  the 
possibility  of  all-optical  time  division  multiplexing  and  demultiplexing.  Time-to-space 


O’Mahony,  MJ.,  Optical  multiplexing  in  fiber  networks:  progress  in  WDM  and  OTDM.  IEEE 
Communications  Magazine,  December,  1995,  pp.  82-88. 

Oda,  K.,  Proc.  Opt.  Fiber  Corf.  (OFC  ‘95).  San  Diego,  Feb.,  1995,  PD22.2-22.5. 

52  H.,  Kawanishi,  S.  &  Uchiyama,  K.,  Proc.  Opt.  Fiber  Corf.  (OFC  ‘94),  paper  no  TuD5. 

53  Yamada,  E.,  Suzuki,  K.  &  Nakazawa,  M.,  Proc.  Opt.  Fiber  Corf.  (OFC  ‘95)  San  Diego,  pp.  289-90. 
5’  Lacey,  J.P.R.  et  al..  All-optical  WDM  to  TDM  tiansmultiplexer.  Electron.  Lett.,  30, 1612-13, 1994. 
55Mazurenko,  Y.T.,  Opt.  Spectrosc.,  57, 1, 1984; 

Ema,  K.,  Kuwata-Gonokami,  M.  &  Shimizu,  F.,  Appl.  Phys.  Lett.,  59,  2799,  1990; 

Nuss,  M.C.,  Li,  M.,  Chiu,  T.H.,  Weiner,  A.M.  &  Partovi,  A.,  Opt.  Lett.,  19,  664,  1994. 
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conversions  of  ultrashort  light  pulses  have  been  demonstrated  with  four-wave^®  and  three- 
wave  interactions.  Holographic  optical  processing  which  permits  parallel-to-serial  (space- 
to-time)  optical  signal  conversion  has  also  been  demonstrated^^ 

Sun  et  al59  have  demonstrated  a  long  distance  interferometer  (LDI)  providing 
mterferonietric  interaction  between  transmitter  and  receiver  nodes  in  remote  locations.  An 
LDI  permits  phase  information  coded  beam  and  the  reference  beam  from  a  transmitter  node 
to^  transmitted  to  a  remote  receiver  node.  Tlie  long  distance  channel  must  preserve 
coherence  in  the  beams  for  accurate  multiplexing  and  demultiplexing  to  occur.  The  Sun  et  al 
met^  uses  acousto-optic  devices  to  achieve  fi^uency  division  of  two  optical  waves.  The 
mterferometer  consists  of  two  Mach-Zehnder-type  devices,  one  at  tiie  transmitter,  and  the 
other  at  the  receiver  node,  connected  by  a  single  optical  communication  channel.  The  Mach- 
^hnder  devices  are  implemented  by  acousto-optic  Bragg  cells,  a  phase  modulator  and  a 
be^  splitter.  The  disadvantage  of  the  system  is  that  it  requires  high-precision  phase 

locl^g  of  two  RF  signals  to  achieve  identical  frequency  shifts  at  both  acousto-optical 
modulators. 

The  conclusion  is  that  the  field  of  high  data  rate  communications  is  moving  toward 
a  combmation  of  WDM  and  OTDM  networks.  The  devices  necessary 

•  to  SCTvice  OTDM, 

•  to  interface  WDM  and  OTDM, 

•  to  interface  optics  and  electronics, 

rader  development  in  the  laboratory,  but  a  proof-of-concept  demonstration  is 
feasible.  Of  greater  importance  to  the  present  endeavor  both  WDM  and  OTDM  will  require 
opticd  codes  of  the  type  addressed  in  the  present  work.  Weiner  (1995)®°  is  extremely 
useful  IS  provi^ng  a  broad  background  to  these  trends.  Quite  apart  from  the  capability  of 
generatog  optical  pulses  on  the  order  of  10  femtoseconds  (6  femtoseconds  is  the  world 
^CMd),  there  is  dso  the  revolutionary  capability  of  ultrafast  optical  waveform  generation, 
ims  beai^  directly  on  what  codes  can  be  technically  implemented,  in  that  both  wavelet 
trmsmissions  and  several  bit  word  "macropulses"  (liltrafast  waveform  S3mthesis)  can  be 


The  inethods  available  for  the  s)mthesis  of  optical  waveforms  include  tiie  "zero- 
dis^reion  ptdse  coinpressor"  which  achieves  the  said  waveform  synthesis  by  parallel 
modulation  of  the  optical  spe^al  components  that  make  up  the  ultrashort  pulse^L  Another 
meth^  IS  the  fiber  and  grating  pulse  compressor"  in  which  the  chhp  of  a  pulse  exiting  a 
fiber  IS  compensate  by  the  temporal  dispersion  of  gratings®.  A  very  simple,  but  effective 
metnod  for  achievmg  pulse  shaping  employs  an  arrqrlitude  mask  consisting  of  two  slits. 
Usmg  two  isolated  spectral  components  an  interference  in  time  occurs  producing  a  high 


®Ema,  K.,  Kuwata-Gonokami,  M.  &  Shimizu,  F.,  Appl.  Phys.  Lett.,  59,  2799, 1990' 

Nuk,  M.C.,  Li,  M.,  Chiu,  TJI.,  Weiner,  A.M.  &  Partovi,  A.,  Opt.  Lett.,  19,  1994. 

Maziro^o,  Y.T.,  Spiro,  A.S.,  Putilin,  SE.  and  Beliaev,  A.G.,  Opt.  Spectrosc.,  78, 122,  1995 
5»Sun,  P.C  htourenko,  Y.T.,  Chang,  W.S.C.,  Yu,  P.KL.  &  Fainman,  Y.,  All-optical  parallel-to-serial 
ranva:»(m  by  holographic  spatial-to-temporal  frequency  encoding.  Optics  Letters,  20, 1728-1730, 1995. 

Sun,  P.C.,  Mazurenko,  Y,  &  Fainman,  Y ,,  Long-distance  frequency-division  interfmmeter  for 
^mumcation  and  quantum  cryptography.  Optics  Letters,  20, 1062-1064, 1995 

l^ST’l^?”  and  processing.  Progress  in  Quantum  Electronics  19, 


®iFroehly.  C.,  Colombeau,  B.  &  VampouiUe,  M.,  in  Progress  in  Optics,  E.  Wolf  (ed),  North-Holland 
Amsterdam,  vol.  20,  p.  65, 1983; 

Martinez,  0£.,  IEEE  J.  Quantum  Electronics  23, 59, 1987. 

®2Grischkowsky,  D.  &  Balant,  A.C.,  Appl.  Phys.  Lett.,  41, 1, 1982. 
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frequency  tone  burst®^  (or  a  several  bit  word  macropulse).  The  phase  of  the  temporal  beat 
note  can  also  be  precisely  controlled  by  a  phase  mask.  This  method  is  the  temporal  analog 
of  Young's  two-slit  interference  experiment. 

The  pulse  shaping  masks  achieving  these  results  include: 

•Fixed  phase  and  anq>litude  masks  fabricated  using  microlithographic  techniques. 

•Spatial  light  modulators: 

-  liquid  crystal 

-  acousto-optic  deflectors 

-  modulator  arrays  based  on  III-V  semiconductor  devices 
•Movable  and  deformable  minors. 

•Holo^aphic  masks. 

•Amplifying  media. 

•Passive  pulse  shaping  techniques 

-  delay  lines  and  interferometers 

-  volume  holograms 

-  acousto-optic  filters 

-  resonant  molecules 
•SEED  arrays^ 

•  Semiconductor  electro-optic  modulators  based  on  the  quantum  confined  Stark  effect 
(future). 

Multi-element  phase  modulators  used  for  gray-level  phase  control  can  also  be  used 
for  pulse  position  modulation,  as  phasing  sweeps  correspond  in  the  time  domain  to 
positioning  of  pulses.  This  is  because  if 

f(t)  and  F(q)) 

are  a  Fourier  transform  pair,  then  the  delayed  signal  and  its  Fourier  transform: 

f(t-t)  and  F( o))exp(-ioyc) 

are  also  pairs,  revealing  that  a  pulse  can  be  retarded,  or  advanced,  by  imposing  a  linear 
phase  sweep  onto  its  spectrum. 

Pholse  position  modulation  can  be  achieved  over  many  pulse  widths  by  using  this 
kind  of  spectr^  phase  manipulation^^.  The  phase  change  per  (temporal)  pixel  is  0  and  ±7t/4 
and  the  output  pulses  occur  at  0  and  ±1.38  psec.  The  only  limtation  is  that  the  phase 
change  must  be  less  than  tc.  Grey-level  phase  control  can  also  be  achieved  by 
programmable  compression  of  chiip^  optic^  pulses.  By  using  a  multielement  phase 
element  within  a  pulse  shaping  apparatus,  it  is  possible  to  adjust  the  magnitude  and  the  sign 
of  a  phase  sweep  electronically  without  moving  parts®®. 

Liquid  crystal  modulator  arrays  have  also  been  used  with  chirped  pulse  amplifiers 
to  achieve  programmably  shaped  high  power  pulses  at  the  millijoule  level®"^. 


®^Weiner,  A.M.,  Heritage,  J.P.  &  Kirschner,  E.M.,  J.  Opt.  Soc.  Am.,  B5,  364, 1988. 

®^Nuss,  M.C.,  Knox,  W.H.  &  Miller,  D.A.B.,  Electron  Lett.  1995. 

®®Weiner,  A.M,  Leaird,  D.E.,  Patel,  J.S.  &  WuUert,  JJt.,  IEEE  J.  Quantum  Electronics  28, 908, 1992. 
®®Treacy,  A£.,  IEEE  J.  Quantum  Electronics  5, 454, 1969. 

®^Pinkos,  D.,  Squier,  J.,  Kohler,  B.,  Yakovlev,  V.V.,  Wilson,  K.R.,  Schumaker,  D.  &  Bucksbaum,  P., 
Production  of  programmable  amplified,  shiq)ed  pulses  in  femtosecond  lasers.  Ultritfast  Phenomena  IX,  Dana 
Point,  CA,  1994. 
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Binaty  phase  masks  can  be  fabricated  to  generate  repetitions  of  code  sequences.  For 
ex^ple,  Werner  &  Leaiid  have  generated  m,  or  maximal  length,  sequences^* 
Furthermore,  pulse  trains  with  repetition  rates  as  high  as  12.5  THz  have  been  generated  by 
phase-only  filtenng  usmg  22  fsec  input  pulses®.  ®  ^ 


j^oAer  tneth^  of  promise  which  can  be  used  to  generate  m-ary  words  per  slot  in 
rommumcations  is  a  time  domain  lens"  which  employs  electro-optic  phase  modulators. 

dom^  lens  is  based  on  the  analogy  between  dispersion  in  the  time  domain  and 
diitrachon  m  the  spatial  domain,  and  also  between  quadratic  phase  modulation  in  time  and 
the  action  of  a  thin  lens  m  space^®.  Such  temporal  imaging  systems  can  provide: 


-  expansion  and  conqiression  in  the  time  domain 

-  waveform  synthesis 

-  time-reversal 

-  waveform  measurement 


Holographic  methods  have  been  used  for  pattern  recognition'^* 
now  bemg  used  for:  ^ 


These  methods  are 


-  r^all  of  shaped  waveforms 

-  time-reversal 

-  matched  filtering 

-  correlation 

-  convolution 

-  dispersion  compensation  (as  in  fiber  optic  commnnirarinns) 


®  holographic  methods  is  wavelet  pulse  shaping  and  the 
.Second,  or  higher-order  diffraction  in  spectral 
possible  new  signal  processing  apphcations  involving  radtiple 
COTetons72.  Furthermore,  second-order  diffiaction  can  be  used  to  implement  a  simplified 

IPatial  images73.  As  pointed  out  by  Weiner^^,  the  possibiUty  is  S 
raised  of  constoctog  holograms  for  sirrqile  associative  memories  for  ultrafast  pulse 
Sf  ^  <»mplete  output  sequence  might  be  generated  in  response  to  a  p^al 


u  ^^*“^**^0  has  proposed  time  domain  multiplexing  using  spectral  holographv  and 
hybnd  space-tune  conversions'^^  In  this  scheme  a  one  dimensional  array  of  optical  fibers 
c^es  separate  data  channels,  which  are  synchronized  and  operate  at  i^ntit^  bit  rates 
^ce  ^ery  ^ta  cycle  a  Fourier  t^sform  of  the  image  creat^y  the  (^Sy)  pSei 
^tten  using  a  reference  pulse  synchronized  to  the  data  channels.  This 
^  once  ^  cycle  by  an  ultrashort  test  pulse.  Therefore  a  time-division 
mulnplexmg  occurs,  m  which  the  spatially  parallel  input  channels  are  converted  a  high 

^^einer,  A.M.  &  Leaini,  D.E.,  Optics  Letters  15, 51, 1990. 

^eitze,  D.H.,  Werner,  A.M.  &  Leaird,  D£.,  Applied  Physics  Letters  61, 1260, 1992. 
joiner,  B.H.  &  Nazarathy,  M.,  Opt.  Lett.,  14, 630. 1989. 

^  L.H.,  Optical  Holography,  Academic  Press  1971 

;;^emer,  A.M.  &  Leaird,  D.E.,  Optics  Lett.,  19, 123, 1994 

^^Paek,  E.G.  &  Jung,  E.C.,  Optics  Lett.,  16,  1034, 1991. 

p.^!"  and  processing.  Progress  in  Quantum  Electronics  19, 

^^Mazurenko,  Y.T.,  Opt.  Eng.,  31,  739, 1992. 
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speed  serial  bit  sequence.  The  inverse  process  of  time-to-space  conversion  from  a  spectral 
hologram  with  a  readout  using  a  monochromatic  continuous-wave  laser,  is  also  possible. 

Photon  echo  experiments  on  the  picosecond  time  scale  have  been  performed  in 
which  both  spatial  and  temporal  holographic  processing  are  performed  simtdtaneously'^^ 
This  could  permit  the  recording  of  four-dimensional  holograms  for  associative  memory 
applications. 

The  present  maturity  of  device  technology  permits  a  few  conclusions: 

•  Although  point-to-point  optical  transmissions  using  TDM  of  100  GWl/sec  have  been 
demonstrated,  the  capability  of  maintaining  the  required  precise  synchronism  in  a 
geographically  distributed  network  has  yet  to  be  developed.  Pulse  shaping  could  be  used 
for  address  and  data  encryption  so  that  interleaved  opticd  packet  transmission  might  be  an 
alternative  to  timing  metht^. 

•  WDM  operates  with  separate  wavelength  channels,  each  operating  at  bit  rates  up  to 
Gbits/sec  and  aggregate  rates  far  higher.  The  current  need  of  WDM  networks  is  for  a 
multiplicity  of  laser  sources  providing  the  different  wavelengths  for  the  WDM  channels. 
Furthermore,  the  wavelengths  need  to  be  stabilized  especially  when  the  laser  sources  are 
independent  and  geographically  separated. 

•In  contrast,  CDMA  can  support  tens  to  hundreds  of  simultaneous  users  for  aggregate 
throughputs  of  himdreds  of  Gbits/sec’^'^.  A  key  advantage  is  that  device  operating  speeds 
and  synchronization  are  required  only  at  the  individual  bit  rates,  not  at  the  aggregate  rate. 
Furthermore,  CDMA  can  provide  a  much  larger  address  space  than  WDM,  as  a  larger 
ntunber  of  CDMA  codes  are  available  than  WDM  wavelengths.  A  challenge  for 
implementing  CDMA  is  the  need  for  dispersion  compensation. 

The  encoding  and  decoding  of  CDMA  into  phase  patterns  has  been  demonstrated^* 
using  phase  masks.  The  same  technique  has  been  used  for  larger  contrasts  in  maximum 
lengdi  sequences”^^.  Weiner  has  also  pointed  out  that  pulse  shaping  can  be  used  to  achieve 
the  dispersion  compensation  necessary  for  CMDA  over  long  distances*®.  A  constant 
(wavelegth  independent)  dispersion  can  be  compensated  by  adjusting  the  grating  separation 
in  pulse  encoding/decoding.  Programmable  phase  modulators  or  deformable  mirrors  can 
also  be  us^  as  pulse  shaping  masks  in  order  to  compensate  for  dispersion.  Furthermore, 
holographic  methods  can  implement  self-aligning  compensation  capabilities,  in  which  the 
system  automatically  adjusts  to  match  the  dispersion  of  the  incoming  signal. 

Zaccarin,  D.  &  Kavehrad,  M.  have  proposed  a  CDMA  system  in  which  encoding  is 
achieved  by  means  of  spectral  amplitude  filtering  with  a  pulse  shaping  apparatus*'.  CWy  a 
broadband  light  source  is  requii^  which  means  that  fiber  dispersion  is  less  important. 
Encoding  and  decoding  is  paformed  by  amplitude  masks.  It  is  estimated  that  for  a  maximal 

length  code  of  length  511,  the  system  would  support  200  users  at  500  Mbit/sec  at  a  10-9 
error  rate. 


^^Saari,  P.,  Kaarli,  R.  &  Ratsep,  M.,  J.  Luminescence  56.  175,  1993. 

^^Salehi,  J.A.,  Weiner,  A.M.  &  Heritage,  J.P.,  J.  Lightwave  Tech.  8, 478, 1990. 

''*Weiner,  A.M.,  Heritage,  JP.  &  Salehi,  J.A.,  Opt.  Lett.,  13,  300, 1988. 

''^einw,  A.M.,  Heritage,  JP.  &  Kirschner,  E.M.,  J.  Opt.  Soc.  Am.,  B5, 1563, 1988. 

*®Weiner,  A.M.,  Femtosecond  optical  pulse  shaping  and  processing.  Progress  in  Quantum  Electronics  19. 
p.  87,  1995. 

*'Zaccarin,  D.  &  Kavehrad,  M.  IEEE  Phot.  Tech.  Lett.,  5, 479-482, 1993. 
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OthCT  approaches  to  CDMA  include  the  use  of  various  types  of  fiber  optic  tapped 
delay  lines*^ 


3.  Recommendations 

The  major  findings  and  recommendations  of  this  study  are: 

•  The  work  over  the  past  12  months  has  shown  the  benefit  of  a  two-stage  hierarchy  of 
codes.  At  the  first  stage,  orthogonal  codes  define  the  microchannel  or  user,  identified  by  a 
first  (temporal)  matched  filter.  Once  a  code  is  identified  by  this  fflter,  a  second  (temporal) 
matched  filter  identifies  the  pulse-position-modulated  data  with  error  correction,  hence 
error-correcting  codes  are  required  for  the  second  stage.  The  recommendations  of  this 
study  are  that  congruence  codes  be  used  as  orthogonal  codes  (hyperbolic,  quadratic,  cubic 
and  quartic)  and  Lexicographic  codes  for  error  correction  codes. 

•  Besides  a  hierarchical  backbone  topology,  a  multidimensional  coding  scheme  intermixing 
CMDA,  TDMA  and  WDM  provides  the  possibility  of  the  highest  data  rates. 

•  These  recommended  techniques  provide  signal  spreading  techniques,  but  they  are  spread 
time  techniques,  as  opposed  to  spread  spectrum  techniques. 

•  A  major  part  of  this  study  addressed  the  impact  of  symmetry  principles  on  code  design  to 
achieve  optimum  properties.  This  study  provides  many  examples  of  heretofore  unknown 
symmetries  underlying  code  design.  Future  work  will  address  the  use  of  symmetry  in 
designing  optimum  codes. 

The  unique  approaches  taken  in  this  study  were: 

(p  spread  time  technics  (as  opposed  to  spread  spectrum  techniques),  which  permit  the 
highest  data  rates  with  the  highest  S/N  and  exploit  the  availability  of  optical  pulse 
technology  and  the  recent  capabilities  in  pulse  crafting  and  holography, 

(2)  Hierarchical  backbone  communications  link  topologies,  with  multidimensional  coding 
schemes; 

(3)  the  incorporation  of  WDM  as  well  as  wavelet  diversity  with  respect  to  scale  and 
translation  when  possible; 

(4)  the  use  of  symmetry  principles  for  insight  into  optimum  coding  principles; 

(5)  Lexicographic  ordering  for  perfect  code  generation. 

The  results  of  a  successful  implementation  of  these  recommendations  will  be: 

•  maximum  permissible  data  rate  transmissions  will  have  been  achieved  using  the  newest 
device  technologies; 


•  multi-dimensional  coding  based  on  hopping  principles  will  have  been  demonstrated; 

•  the  techniques  of  CDMA  and  TDMA  will  have  been  linked  for  optimum  system  usage ; 
*^or  example:  Griffin,  R.A,  Sampson,  D.D.  &  Jackson,  D.A.,  Photonics  Technology  Letters  4, 1401, 
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•  spread  time  principles,  as  opposed  to  spread  spectrum  principles,  will  have  been 
demonstrated  for  the  first  time  as  the  method  of  choice  for  Ae  highest  data  rate 
communications. 


4.  Future  Work 

The  technical  problems  addressed  in  future  work  are: 

•  In  the  case  of  optical  orthogonal  codes:  the  optimum  tradeoff  needs  to  be  achieved 
between  cross-  and  auto-correlation  properties. 

•  In  the  case  of  error  correcting  codes:  algorithmic  methods  need  r^ning  for  code 
generation; 

•  The  relationship  needs  defining  between  orthogonal  and  error  correcting  codes. 

The  approaches  taken  differ  fiom  all  other  approaches  in  that: 

•  optimum  code  designs  are  sought  based  on  symmetry  principles; 

•  unifying  principles  are  sought  between  orthogonal  and  error  correcting  codes; 

•  hierarchical,  spread  time  systems  are  proposed  utilizing  both  orthogonal  codes  for  channel 

definition  and  error  correcting  codes  for  data  encryption; 

•  algorithmic  lexicographic  ordering  is  sought  for  perfect  code  generation. 

A  fitutful  area  of  future  research  lies  in  investigating  codes  generated  by 
lexicographic  ordering.  For  example,  all  three  of  the  Lexicographic-Greedy  (7,4)  codes  of 
Appendix  Tables  7-9  have  the  same  generator  matrix: 


>o' 
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1 
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0 

0 
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0 

1 

1 

0 

1 

0 

0 

S2 

1 

0 

1 
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1 

0 

S3. 

1 

1 

0 

0 

0 

0 

1 

because  all  three  code  generations,  based  on  different  basis  vectors,  produce  the  same  code 
words  (i.e.,  the  code  vectors  for  which  g  =  0).  However,  the  plots.  Tables  39-42  above,  of 
the  lexicographic  ordering  of  these  codes  according  to  the  different  g-values,  i.e.,  the 
ordering  of  the  coset  vectors  or  noncode  words,  indicate  (1)  symmetries  underlying  that 
ordering,  and  (2)  differences  between  the  three  methods  of  code  generation  due  to  the 
differences  in  choice  in  basis  vectors.  The  standard  arrays  for  the  thiw  codes.  Appendix 
Tables  4-6,  also  reveal  that  whereas  in  the  case  of  die  (7,4)  code  shown  in  Appendix  Table 
7  the  c<^t  leaders  are  also  the  basis  vectors,  this  is  not  so  for  the  codes  shown  in 
Appendix  Tables  8  and  9,  even  although  the  codes  themselves  generated  from  all  three  sets 
of  basis  vectors  are  the  same.  This  finding  will  have  a  bearing  on  the  design  of  efficient 
error  correction  codes  and  will  be  investigated  further. 

Future  work  will  also  address: 
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•  Frequency  and  Wavelet  diversity:  The  present  results  are  generic  and  need  interpretation 
within  the  context  of  actual  device  capability.  Presently  only  4  wavelengths  are  available, 
and  the  diversity  of  wavelets  in  terms  of  scale  and  orthogonality  has  not  t^n  determined. 

•  Symmetries  underlying  optimum  code  design:  These  discoveries  need  find  use  in  code 
design,  i.e.,  investigations  based  on  symmetry  principles. 

•  Cross-  and  auto-correlation  bounds:  Bounds  need  to  be  tied  to  code  design  in  a  predictive 
way. 

•  Probability  of  error  analysis  indicates  that  error  decreases  with  (1)  an  increase  in  the 
matched  filter  threshold,  and  (2)  an  increase  in  code  length:  Receiver  threshold  properties 
need  to  be  analyzed  together  widi  code  properties. 

•  A,  =  2  optical  orthogonal  codes  may  be  as  good  as  X  =  1  codes  with  receiver  hard  limiting: 
The  tradeoffs  between  the  properties  of  optical  orthogonal  codes  with  hard-limiting  and 
with  hard-limiting,  need  to  be  investigated. 

•  Lexicographic-Greedy  codes:  The  discovered  g-value  symmetries  can  be  used  in  code 
design. 

•  Lexicographic-Greedy  codes:  The  Greedy  code  algorithm  needs  development  for  longer 
code  generation. 

•  Code  rate  kin  bounds:  The  code  bound  derivations  are  for  large  n.  The  bound  needs  to  be 
derived  for  aU  n  and  the  result  related  to  symmetry  principles  in  optimum  code  design. 
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representation  of  Lexicographic  Codes,  (n,  k,  d)  =  (7,6,2)  (Appendix:  Table  10)  and  (7,4,3)  (Appendix:  Table  11) 


Lexicographic  Codes, 


representation  of  Lexicographic  Codes,  (n,k,d)  =  (7,3,4)  (Appendix:  Table  12)  and  (7,1,5)  (Appendix:  Table  13) 


Lexicographic  Codes, 


lxxicogrq)hic  Codu:  ns?,  (7,IL6 
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Appendix:  Table  of  Contwits 


Table  1 :  Lexicogr^hic-Greedy  Code  of  Length  n  =  5,k  =  2  and  Distance  d  =  3,t  =  (d-l)/2,  M =2^  =  4, 
with  ordered  basis:  yi=10000,  yf=01000,  y3=(X)100,  etc. 

Table  2:  Lexicographic-Greedy  Code  of  Length  n  =  5,k  =  2  and  Distance  d=3,t  =  (d-l)l2,  M  =  2^  =  4, 
with  ordered  basis:  yi=00(X)l,  yr=00010,  y3=00100,  etc. 

Table  3:  Gray-Qeedy  Code  of  Length  n  =  5,k  =  2  and  Distance  d=3  ,t  =  (d-l)l2,M  =  2‘  =  4,  with  ordraed 
basis:  yi=00001,  y2=00011,  y3=(X)110,  etc. 

Table  4:  Standard  Array  for  the  Lexicogr^hic-Greedy  Code  (7,4)  of  Table  7. 

Table  5:  Standard  Array  for  the  Lexicognqjhic-Greedy  Code  (7,4)  of  Table  8. 

Table  6:  Standard  Array  for  the  Lexicogrsq)hic-Greedy  Code  (7,4)  of  Table  9. 

Table  7:  Lexicogrtqthic-Greedy  Code  of  Length  n  =  7,k  =  4  and  Distance  d  =  3,t  =  (d-l)/2,  Af  =  2*  =  16, 
widi  ordered  basis:  yi=(XXX)l,  y2=00010,  y3=001()0,  etc. 

Table  8:  Lexicogr£5)hic-Greedy  Code  of  Length  n  =  l,k  =  4  and  Distance  4  =  3,  f  =  (4-l)/2,  Af  =  2*=  16, 
with  ordoed  basis:  yi=(XXX)l,  y2=(XX)ll,  y3=(X)110,  etc. 

Table  9:  Lexicogr^hic-Greedy  Code  of  Length  n  =  7,  )fc  =  4  and  Distance  d=3,t  =  (d-l)/2,  Af  =  2*  =  16, 
with  ordered  basis:  y,=(XXX)l,  y2=(XX)l  1,  y3=(X)l  1 1,  etc. 

Table  10:  Lexicographic-Greedy  Code  of  Length  n  =  l,k  =  6  and  Distance  d=2,t=  (d-l)fl,  M  =  2*^  =  64, 
with  ordCTed  basis:  yi=00001,  y2=00010,  y3=00100,  etc. 

Table  11:  Lexicogr^hic-Greedy  Code  of  Length  n  =  7,k  =  4  and  Distance  d-3,t  -(d-l)/2,  M  =  2‘  =16, 
Avith  ordered  basis:  y,=0(XX)l,  y2=00010,  y3=00100,  etc. 

Table  12:  Lexicogr^hic-Greedy  Code  of  Length  n  =  l,k  =  3  and  Distance  d  =  4,t  =  (d-1  )l2,M  =  2'^  =  i, 
with  ordo^d  basis:  yi=0(XX)l,  yi=(X)010,  y3=00100,  etc. 

Table  13:  Lexicogn^hic-Greedy  Code  of  Lengdi  n  =  l,k=l  and  Distance  d=5,t  =  (d-1  )/2,  M  =  2‘‘  =  2, 
with  ord^ed  basis:  yi=00001,  yj=0(X)10,  y3=00100,  etc. 

Table  14:  Lexicographic-Greedy  Code  of  Length  n-l,k=\  and  Distance  d  =  6,  t  =  (d-1  )I2,  Af  =  2'‘  =  2, 
with  ordered  basis:  yi=00001,  y^OOOlO,  y3=(K)100,  etc. 

Table  15:  Lexicogn^hic-Greedy  Code  of  Length  n  =  7,  ^  =  1  and  Distance  d=l,t  =  (d-l)l2,  M  =  2^  =  2, 
with  ordered  basis:  yi=(X)001,  y^0(X)10,  y3=00100,  etc. 

Table  16:  Lexicogrsqjhic-Greedy  Code  of  Lengtfi  n  =  7,  it  =  0  and  Distance  d=i,t  =  (d-l)l2,  Af  =  2*'  =  1, 
with  ordered  basis:  y,=4XXX)l,  yr=00010,  y3=00100,  etc. 

Table  17:  Greedy  Code  Algorithm 
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Appendix:  Table  1.  Lexicographic-Greedy  Code  of  Length  n  =S,k  =  2  and 
Distance  d  =  3^  t  =  (d-l)/2,  M  =  =  4,  with  ordered  basis: 

y,  =  10000 

yj  =  01000 

y^  =  00100 
y^  =  00010 
ys  =  00001 


{0,  0,  0,  0,  0}  0  • 

yl={l,  0,  0,  0,  0}  1 

y2={0,  1,  0,  0,  0}  2 

{1,  1,  0,  0,  0}  3 

y3={0,  0,  1,  0,  0}  3 

{1,  0,  1,  0,  0}  2 

{0,  1,  1,  0,  0}  1 

{1,  1,  1,  0,  0}  0  • 

y4={0,  0,  0,  1,  0}  4 

{1,  0,  0,  1,  0}  5 

{0,  1,  0,  1,  0}  6 

{1,  1,  0,  1,  0}  7 

{0,  0,  1,  1,  0}  7 

{1,  0,  1,  1,  0}  6 

{0,  1,  1,  1,  0}  5 

{1,  1,  1,  1,  0}  4 

y5={0,  0,  0,  0,  1}  5 

{1,  0,  0,  0,  1}  4 

{0,  1,  0,  0,  1}  7 

{1,  1,  0,  0,  1}  6 

{0,  0,  1,  0,  1}  6 

{1,  0,  1,  0,  1}  7 

{0,  1,  1,  0,  1}  4 

{1,  1,  1,  0,  1}  5 

{0,  0,  0,  1,  1}  1 

{1,  0,  0,  1,  1}  0  • 

{0,  1,  0,  1,  1}  3 

{1,  1,  0,  1,  1}  2 

{0,  0,  1,  1,  1}  2 

{1,  0,  1,  1,  1}  3 

{0,  1,  1,  1,1}  0  • 

{1,  1,  1,  1,  1}  1 
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Appendix:  Table  2.  Lexicographic-Greedy  Code  of  Length  n  =  5,  it  =  2  and 
Distance  d  =  3^  t  =  (d-l)/2,  M  =  2*^  =  4,  with  ordered  basis: 

y,  =  00001 
y2  -  00010 

yj  =  00100 

=  01000 
y,  =  10000 


Lexicographic  order  of 

g  values 
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0} 

5 

{0, 

1, 

If 

If 

1} 

4 
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0} 

6 

{1, 

0, 

If 

Of 

1} 

7 

{1, 

0, 

If 

If 
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1 

g  values  as  vectors  Lexicographic  code 
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001 

010 

oil 

oil 

010 

001 

000 

100 

101 

110 

111 
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101 

100 

101 
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111 

110 
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001 
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010 

010 

oil 

000 

001 
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Appendix:  Table  3.  Gray-Greedy  Code*^  of  Length  «  =  5,  =  2  and 

Distance  d  =  3  -  (d-l)/2^  M  =  2*'  =  4,  with  ordered  basis: 

yj  =  00001 

y,  =  0001  1 
y,  =  00110 
y^  =  01100 
y,  =  11000 


Lexicographic  order  of  g  values  g  values  as  vectors  Gray-Greedy  code 
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*3  After  Brualdi,  R.A.  &  Pless,  V.S.,  Greedy  codes.  J.  of  Combinatorial  Theory,  Series  A  64, 10-30, 1993. 
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Standard  Array  for  the  Lexicographic-Greedy  Code  (7,4)  of  Table  7.  Basis  vectors  are  shaded. 
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o^csco’^viNOr' 


Oi^«scn^w-jvof^ 


O^CScn’^tlO'OC^ 
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Standard  Array  for  the  Lexicographic-Greedy  Code  (7,4)  of  Table  9.  Basis  vectors  are  shaded. 


0^r^coTtv->vor' 
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Appendix:  Table  7.  Lexicographic-Greedy  Code  of  Length  n  =7,k 
Distance  d  =  3,  t  =  (d-l)/2,  Af  =  2*  =  64,  with  ordered  basis: 

y,  =  0000001 

y,  =  0000010 

y^  =  0000100 

y^  =  0001000 

ys  =  0010000 

y^  =  0100000 

yj=  1000000 

Lexicographic  order  of  g  values  Lexicographic  Code 
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{0, 
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{0,  1,  0,  0,  1,  1,  1} 

{0,  1,  0,  1,  0,  0,  0} 

{0,  1,  0,  1,  0,  0,  1} 

{0,  1,  0,  1,  0,  1,  0} 

{0,  1,  0,  1,  0,  1,  1} 

{0,  1,  0,  1,  1,  0,  0} 

{0,  1,  0,  1,  1,  0,  1} 

{0,  1,  0,  1,  1,  1,  0} 

{0,  1,  0,  1,  1,  1,  1} 

{0,  1,  1,  0,  0,  0,  0} 

{0,  1,  1,  0,  0,  0,  1} 

{0,  1,  1,  0,  0,  1,  0} 

{0,  1,  1,  0,  0,  1,  1} 

{0,  1,  1,  0,  1,  0,  0} 

{0,  1,  1,  0,  1,  0,  1} 

{0,  1,  1,  0,  1,  1,  0} 

{0,  1,  1,  0,  1,  1,  1} 

{0,  1,  1,  1,  0,  0,  0} 

{0,  1,  1,  1,  0,  0,  1} 

{0,  1,  1,  1,  0,  1,  0} 

{0,  1,  1,  1,  0,  1,  1} 

{0,  1,  1,  1,  1,  0,  0} 

{0,  1,  1,  1,  1,  0,  1} 

{0,  1,  1,  1,  1,  1,  0} 

{0,  1,  1,  1,  1,  1,  1} 

y7={l,  0,  0,  0,  0,  0,  0} 

{1,  0,  0,  0,  0,  0,  1} 

{1,  0,  0,  0,  0,  1,  0} 

{1,  0,  0,  Or  Or  Ir  1} 

{1,  0,  0,  0,  1,  0,  0} 

{1,  0,  0,  0,  1,  0,  1} 

{1,  0,  0,  0,  1,  Ir  0} 

{1,  0,  0,  0,  1,  Ir  1} 

{1,  0,  0,  Ir  Or  Or  0} 

{1,  0,  0,  1,  0,  Or  1} 

{Ir  Or  Or  1,  0,  1,  0} 

{1,  0,  0,  1,  0,  Ir  1} 

{1,  0,  0,  Ir  Ir  Or  0} 

{1,  0,  0,  Ir  Ir  Or  1} 

{1,  0,  0,  Ir  Ir  Ir  0} 

{1,  0,  0,  Ir  Ir  If  1} 

{1,  0,  1,  0,  0,  0,  0} 

{1,  0,  1,  0,  0,  0,  1} 

{1,  0,  1,  0,  0,  Ir  0} 

{1,  0,  1,  0,  0,  1,  1} 

{1,  0,  Ir  Or  1,  0,  0} 

{1,  0,  Ir  Or  Ir  0,  1} 

{1,  0,  1,  0,  Ir  Ir  0} 

{1,  0,  Ir  Or  Ir  Ir  D 

{1,  0,  Ir  Ir  0,  0,  0} 

{1,  0,  1,  Ir  Or  Or  1} 

{1,  0,  1,  Ir  Or  Ir  0} 

{1,  0,  Ir  Ir  Or  1,  1} 

{1,  0,  Ir  Ir  1,  Or  0} 
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Appendix:  Table  8.  Lexicographic-Greedy  Code  of  Length  n  =  7,  ^  =  4  and 
Distance  d  =  3yt  =  (d-l)/2,  M  =1'"=  64,  with  ordered  basis: 

y,  =  0000001 
=  0000011 
y,  =  00001  10 
y^  =  0001  100 

yj  =  00  1  1000 

y«  =  01  10000 
y7=  1  100000 

Lexicographic  order  of  g  values  Lexicographic  Code 
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{0, 

If 

If 

Of 

If 

Of 

0} 

0 
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{0, 

1, 

If 

If 

If 

Of 

0} 

6 

{0, 

Ir 

If 

If 

If 

Of 

1} 

7 

{0, 

1, 

If 

If 

If 

If 

1} 

4 

{0, 

1, 

If 

If 

If 

If 

0} 

5 

{0, 

1, 

If 

If 

Of 

If 

0} 

7 

{0, 

1, 

If 

If 

Of 

If 

1} 

6 

{0, 

1, 

If 

If 

Of 

Of 

1} 

5 

{0, 

1, 

If 

If 

Of 

Of 

0} 

4 

{0, 

1, 

Of 

If 

Of 

Of 

0} 

3 

{0, 

1, 

Of 

If 

Of 

Of 

1} 

2 

{0, 

1, 

Of 

If 

Of 

If 

1} 

1 

{0, 

1, 

Of 

If 

Of 

If 

0} 

0 

{0, 

1, 

Of 

If 

If 

If 

0} 

2 

{0, 

1, 

Of 

If 

If 

If 

1} 

3 

{0, 

1, 

Of 

If 

If 

Of 

1} 

0 

{0, 

1, 

Of 

If 

If 

Of 

0} 

1 

{0, 

1, 

Of 

Of 

If 

Of 

0} 

7 

{0, 

1, 

Of 

Of 

If 

Of 

1} 

6 

{0, 

1, 

Of 

Of 

If 

If 

1} 

5 

{0, 

1, 

Of 

Of 

If 

If 

0} 

4 

{0, 

1, 

Of 

Of 

Of 

If 

0} 

6 

{0, 

1, 

Of 

Of 

Of 

If 

1} 

7 

{0, 

1, 

Of 

Of 

Of 

Of 

1} 

4 

{0, 

1, 

Of 

Of 

Of 

Of 

0} 

5 

y7={i. 

1, 

Of 

Of 

Of 

Of 

0} 

1 

{1, 

1, 

Of 

0, 

0, 

Of 

1} 

0 

{1, 

1, 

Of 

0, 

0, 

If 

1} 

3 

{1, 

Ir 

Of 

0, 

0, 

If 

0} 

2 

{1/ 

1, 

Of 

0, 

If 

If 

0} 

0 

{1, 

1, 

Of 

0, 

If 

If 

1} 

1 

{1, 

1, 

Of 

0, 

If 

Of 

1} 

2 

{1, 

1, 

Of 

0, 

If 

Of 

0} 

3 

{1, 

If 

Of 

If 

If 

Of 

0} 

5 

{1/ 

If 

Of 

If 

If 

Of 

1} 

4 

{1, 

If 

Of 

If 

If 

If 

1} 

7 

{1, 

If 

Of 

If 

If 

If 

0} 

6 

{1, 

If 

Of 

If 

Of 

If 

0} 

4 

{1, 

If 

Of 

If 

Of 

If 

1} 

5 

{1, 

If 

Of 

If 

Of 

Of 

1} 

6 

{1/ 

If 

Of 

If 

Of 

Of 

0} 

7 

{1, 

If 

If 

If 

Of 

Of 

0} 

0 

{1, 

If 

If 

If 

0, 

Of 

1} 

1 

{1. 

If 

If 

If 

Of 

If 

1} 

2 

{1, 

If 

If 

If 

Of 

If 

0} 

3 

{1, 

If 

If 

If 

If 

If 

0} 

1 

{1/ 

If 

If 

If 

If 

If 

1} 

0 

{Ir 

If 

If 

If 

If 

Of 

1} 

3 

{1, 

If 

If 

If 

If 

Of 

0} 

2 

{1, 

If 

If 

Of 

If 

Of 

0} 

4 

{1, 

If 

If 

Of 

If 

0, 

1} 

5 

{1, 

If 

If 

Of 

If 

If 

1} 

6 

{1, 

If 

If 

Of 

If 

If 

0} 

7 

{1, 

If 

If 

Of 

Of 

If 

0} 

5 

{1, 

If 

If 

Of 

Of 

If 

1} 

4 
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{1,  1,  1,  0,  0,  0,  1}  7 

{1,  1,  1,  0,  0,  0,  0}  6 

{1,  0,  1,  0,  0,  0,  0}  3 

{1,  0,  1,  0,  0,  0,  1}  2 

{1,  0,  1,  0,  0,  1,  1}  1 

{1,  0,  1,  0,  0,  1,  0}  0 

{1,  0,  1,  0,  1,  1,  0}  2 

{1,  0,  1,  0,  1,  1,  1}  3 

{1,  0,  1,  0,  1,  0,  1}  0 

{1,  0,  1,  0,  1,  0,  0}  1 

{1,  0,  1,  1,  1,  0,  0}  7 

{1,  0,  1,  1,  1,  0,  1}  6 

{1,  0,  1,  1,  1,  1,  1}  5 

{1,  0,  1,  1,  1,  1,  0}  4 

{1,  0,  1,  1,  0,  1,  0}  6 

{1,  0,  1,  1,  0,  1,  1}  7 

{1,  0,  1,  1,  0,  0,  1}  4 

{1,  0,  1,  1,  0,  0,  0}  5 

{1,  0,  0,  1,  0,  0,  0}  2 

{1,  0,  0,  1,  0,  0,  1}  3 

{1,  0,  0,  1,  0,  1,  1}  0 

{1,  0,  0,  1,  0,  1,  0}  1 

{1,  0,  0,  1,  1,  1,  0}  3 

{1,  0,  0,  1,  1,  1,  1}  2 

{1,  0,  0,  1,  1,  0,  1}  1 

{1,  0,  0,  1,  1,  0,  0}  0 

{1,  0,  0,  0,  1,  0,  0}  6 

{1,  0,  0,  0,  1,  0,  1}  7 

{1,  0,  0,  0,  1,  1,  1}  4 

{1,  0,  0,  0,  1,  1,  0}  5 

{1,  0,  0,  0,  0,  1,  0}  7 

{1,  0,  0,  0,  0,  1,  1}  6 

{1,  0,  0,  0,  0,  0,  1}  5 

{1,  0,  0,  0,  0,  0,  0}  4 
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Appendix:  Table  9.  Lexicographic-Greedy  Code  of  Length  n  =  7, 
Distance  d  =  t  =  (d-l)/2,  M  =  2*  =  64,  with  ordered  basis: 

yi  =  0000001 

y,  =  000001  1 

yj  =  00001  1  1 

y,  =  0001  1  1  1 
ys  =  0011111 

y«  =  01  1 1  1 1  1 
y7=  1111111 


Lexicographic  order  of  Fj’  g  values  Lexicographic  Code 


{0, 

0, 

0, 

0, 

0, 

0, 

0} 

0 

yi={0. 

0, 

0, 

0, 

0, 

0, 

1} 

1 

y2={0. 

0, 

0, 

0, 

0, 

1, 

1} 

2 

{0, 

0, 

0, 

0, 

0, 

1, 

0} 

3 

y3={0. 

0, 

0, 

0, 

1, 

1, 

1} 

0 

{0, 

0, 

0, 

0, 

1, 

1, 

0} 

1 

{0, 

0, 

0, 

0, 

1, 

0, 

0} 

2 

{0, 

0, 

0, 

0, 

1, 

0, 

1} 

3 

II 

O 

0, 

0, 

1, 

1, 

1, 

1} 

4 

{0, 

0, 

0, 

1, 

1, 

1, 

0} 

5 

{0, 

0, 

0, 

1, 

1, 

0, 

0} 

6 

{0, 

0, 

0, 

1, 

1, 

0, 

1} 

7 

{0, 

0, 

0, 

1, 

0, 

0, 

0} 

4 

{0, 

0, 

0, 

1, 

0, 

0, 

1} 

5 

{0, 

0, 

0, 

1, 

0, 

1, 

1} 

6 

{0, 

0, 

0, 

1, 

0, 

1, 

0} 

7 

y5={0. 

0, 

1, 

1, 

1, 

1/ 

1} 

1 

{0, 

0, 

1, 

1, 

1, 

1, 

0} 

0 

{0, 

0, 

1, 

1, 

1, 

0, 

0} 

3 

{0, 

0, 

1, 

1, 

1, 

0, 

1} 

2 

{0, 

0, 

1, 

1, 

0, 

0, 

0} 

1 

{0, 

0, 

1, 

1, 

0, 

0, 

1} 

0 

{0, 

0, 

1, 

1, 

0, 

1, 

1} 

3 

{0, 

0, 

1, 

1, 

0, 

1, 

0} 

2 

{0, 

0, 

1, 

0, 

0, 

0, 

0} 

5 

{0, 

0, 

1, 

0, 

0, 

0, 

1} 

4 

{0, 

0, 

1, 

0, 

0, 

1, 

1} 

7 

{0, 

0, 

1, 

0, 

0, 

1, 

0} 

6 

{0, 

0, 

1, 

0, 

1, 

1, 

1} 

5 

{0, 

0, 

1, 

0, 

1, 

1, 

0} 

4 

{0, 

0, 

1, 

0, 

1, 

0, 

0} 

7 

{0, 

0, 

1, 

0, 

1, 

0, 

1} 

6 

y6={0. 

1, 

1, 

1, 

1/ 

1, 

1} 

6 

{0, 

1, 

1, 

1, 

1, 

1, 

0} 

7 

{0, 

1, 

1, 

1, 

1, 

0, 

0} 

4 

{0, 

1, 

1, 

1, 

1, 

0, 

1} 

5 

{0, 

1, 

1/ 

1, 

0, 

0, 

0} 

6 

{0, 

1, 

1, 

1, 

0, 

0, 

1} 

7 

{0, 

1, 

1, 

1, 

0, 

1, 

1} 

4 
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k  =  4  and 
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{0, 

1, 

If 

If 

Of 

If 

0} 

5 

{0, 

1, 

If 

Of 

Of 

Of 

0} 

2 

{0, 

If 

If 

Of 

Of 

Of 

1} 

3 

{0, 

If 

If 

Of 

Of 

If 

1} 

0 

{0, 

If 

If 

Of 

Of 

If 

0} 

1 

{0, 

If 

If 

Of 

If 

If 

1} 

2 

{0, 

If 

If 

Of 

If 

If 

0} 

3 

{0, 

If 

If 

Of 

If 

Of 

0} 

0 

{0, 

If 

If 

Of 

If 

Of 

1} 

1 

{0, 

If 

Of 

Of 

Of 

Of 

0} 

7 

{0, 

If 

Of 

Of 

Of 

Of 

1} 

6 

{0, 

If 

Of 

Of 

Of 

If 

1} 

5 

{0, 

If 

Of 

Of 

Of 

If 

0} 

4 

{0, 

If 

Of 

Of 

If 

If 

1} 

7 

{0, 

If 

Of 

Of 

If 

If 

0} 

6 

{0, 

If 

Of 

Of 

If 

Of 

0} 

5 

{0, 

If 

Of 

Of 

If 

Of 

1} 

4 

{0, 

If 

Of 

If 

If 

If 

1} 

3 

{0, 

If 

Of 

If 

If 

If 

0} 

2 

{0, 

If 

Of 

If 

If 

Of 

0} 

1 

{0, 

If 

Of 

If 

If 

Of 

1} 

0 

{0, 

If 

Of 

If 

Of 

Of 

0} 

3 

{0, 

If 

Of 

If 

Of 

Of 

1} 

2 

{0, 

If 

Of 

If 

Of 

If 

1} 

1 

{0, 

If 

Of 

If 

Of 

If 

0} 

0 

II 

If 

If 

If 

If 

If 

1} 

0 

{1, 

If 

If 

If 

If 

If 

0} 

1 

{1, 

If 

If 

If 

If 

Of 

0} 

2 

{1, 

If 

If 

If 

If 

Of 

1} 

3 

{1, 

If 

If 

If 

Of 

Of 

0} 

0 

{1/ 

If 

If 

If 

Of 

Of 

1} 

1 

{1, 

If 

If 

If 

Of 

If 

1} 

2 

{1, 

If 

If 

If 

Of 

If 

0} 

3 

{1, 

If 

If 

Of 

Of 

Of 

0} 

4 

{1, 

If 

If 

Of 

Of 

Of 

1} 

5 

{1, 

If 

If 

Of 

Of 

If 

1} 

6 

{1, 

If 

If 

Of 

Of 

If 

0} 

7 

{1, 

If 

If 

Of 

If 

If 

1} 

4 

{1/ 

If 

If 

Of 

If 

If 

0} 

5 

{1, 

If 

If 

Of 

If 

Of 

0} 

6 

{1, 

If 

If 

Of 

If 

Of 

1} 

7 

{1, 

If 

Of 

Of 

Of 

Of 

0} 

1 

{1, 

If 

Of 

Of 

Of 

Of 

1} 

0 

{1, 

If 

Of 

Of 

Of 

If 

1} 

3 

{1, 

If 

Of 

Of 

Of 

If 

0} 

2 

{1, 

If 

Of 

Of 

If 

If 

1} 

1 

{1, 

If 

Of 

Of 

If 

If 

0} 

0 

{1, 

If 

Of 

Of 

If 

Of 

0} 

3 

{1, 

If 

Of 

Of 

If 

Of 

1} 

2 

{1/ 

If 

Of 

If 

If 

If 

1} 

5 

{1, 

If 

Of 

If 

If 

If 

0} 

4 

{1, 

If 

Of 

If 

If 

Of 

0} 

7 

{1, 

If 

Of 

If 

If 

Of 

1} 

6 

{1, 

If 

Of 

If 

Of 

Of 

0} 

5 
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{1,  1,  0,  1,  0,  0,  1}  4 

{1,  1,  0,  1,  0,  1,  1}  7 

{1,  1,  0,  1,  0,  1,  0}  6 

{1,  0,  0,  0,  0,  0,  0}  6 

{1,  0,  0,  0,  0,  0,  1}  7 

{1,  0,  0,  0,  0,  1,  1}  4 

{1,  0,  0,  0,  0,  1,  0}  5 

{1,  0,  0,  0,  1,  1,  1}  6 

{1,  0,  0,  0,  1,  1,  0}  7 

{1,  0,  0,  0,  1,  0,  0}  4 

{1,  0,  0,  0,  1,  0,  1}  5 

{1,  0,  0,  1,  1,  1,  1}  2 

{1,  0,  0,  1,  1,  1,  0}  3 

{1,  0,  0,  1,  1,  0,  0}  0 

{1,  0,  0,  1,  1,  0,  1}  1 

{1,  0,  0,  1,  0,  0,  0}  2 

{1,  0,  0,  1,  0,  0,  1}  3 

{1,  0,  0,  1,  0,  1,  1}  0 

{1,  0,  0,  1,  0,  1,  0}  1 

{1,  0,  1,  1,  1,  1,  1}  7 

{1,  0,  1,  1,  1,  1,  0}  6 

{1,  0,  1,  1,  1,  0,  0}  5 

{1,  0,  1,  1,  1,  0,  1}  4 

{1,  0,  1,  1,  0,  0,  0}  7 

{1,  0,  1,  1,  0,  0,  1}  6 

{1,  0,  1,  1,  0,  1,  1}  5 

{1,  0,  1,  1,  0,  1,  0}  4 

{1,  0,  1,  0,  0,  0,  0}  3 

{1,  0,  1,  0,  0,  0,  1}  2 

{1,  0,  1,  0,  0,  1,  1}  1 

{1,  0,  1,  0,  0,  1,  0}  0 

{1,  0,  1,  0,  1,  1,  1}  3 

{1,  0,  1,  0,  1,  1,  0}  2 

{1,  0,  1,  0,  1,  0,  0}  1 

{1,  0,  1,  Or  1,  0,  1}  0 
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Appendix:  Table  10.  Lexicographic-Greedy  Code  of  Length  n  =  7,k  =  6 
and  Distance  d  =  (d’l)l2,  M  =  2*'  =  64,  with  ordered  basis: 


{0, 

0, 

0, 

0, 

0, 

Of 

yj  = 

y2  = 

y3  = 
y4  = 

ys  = 
y6  = 

0} 

0000001 

0000010 

0000100 

0001000 

0010000 

0100000 

1000000 

0 

yl={0. 

0, 

0, 

0, 

0, 

Of 

1} 

1 

y2={0. 

0, 

0, 

0, 

0, 

If 

0} 

1 

{0, 

0, 

0, 

0, 

0, 

If 

1} 

0 

y3={0. 

0, 

0, 

0, 

1, 

Of 

0} 

1 

{0, 

0, 

0, 

0, 

1, 

Of 

1} 

0 

{0, 

0, 

0, 

0, 

If 

If 

0} 

0 

{0, 

0, 

0, 

0, 

If 

If 

1} 

1 

II 

o 

0, 

0, 

1, 

Of 

Of 

0} 

1 

{0, 

0, 

0, 

If 

Of 

Of 

1} 

0 

{0, 

0, 

0, 

If 

Of 

If 

0} 

0 

{0, 

0, 

0, 

If 

Of 

If 

1} 

1 

{0, 

0, 

0, 

If 

If 

Of 

0} 

0 

{0, 

0, 

0, 

If 

If 

Of 

1} 

1 

{0, 

0, 

0, 

If 

If 

If 

0} 

1 

{0, 

0, 

0, 

If 

If 

If 

1} 

0 

o 

II 

LO 

>1 

0, 

1/ 

Of 

Of 

Of 

0} 

1 

{0, 

0, 

1, 

Of 

Of 

Of 

1} 

0 

{0, 

0, 

1. 

Of 

Of 

If 

0} 

0 

{0, 

0, 

1, 

Of 

Of 

If 

1} 

1 

{0, 

0, 

1, 

Of 

If 

Of 

0} 

0 

{0, 

0, 

1, 

Of 

If 

Of 

1} 

1 

{0, 

0, 

1, 

Of 

If 

If 

0} 

1 

{0, 

0, 

1, 

Of 

If 

If 

1} 

0 

{0, 

0, 

1, 

If 

Of 

Of 

0} 

0 

{0, 

0, 

1. 

If 

Of 

Of 

1} 

1 

{0, 

0, 

1/ 

If 

Of 

If 

0} 

1 

{0, 

0, 

1, 

If 

Of 

If 

1} 

0 

{0, 

0, 

1, 

If 

If 

Of 

0} 

1 

{0, 

0, 

1, 

If 

If 

Of 

1} 

0 

{0, 

0, 

1, 

If 

If 

If 

0} 

0 

{0, 

0, 

1, 

If 

If 

If 

1} 

1 

y6={0. 

1, 

0, 

Of 

Of 

Of 

0} 

1 

{0, 

1, 

0, 

Of 

Of 

Of 

1} 

0 

{0, 

1, 

0, 

Of 

Of 

If 

0} 

0 

{0, 

1, 

0, 

0, 

Of 

If 

1} 

1 

{0, 

1, 

0, 

0, 

If 

Of 

0} 

0 

{0, 

1, 

0, 

0, 

If 

0, 

1} 

1 

{0, 

1, 

0, 

0, 

If 

1, 

0} 

1 

{0, 

1, 

0, 

0, 

If 

If 

1} 

0 

no 


Ill 


{0, 

1, 

Of 

If 

Of 

Of 

0} 

0 

{0, 

1, 

Of 

If 

Of 

Of 

1} 

1 

{0, 

1, 

Of 

If 

Of 

If 

0} 

1 

{0, 

1, 

Of 

If 

Of 

If 

1} 

0 

{0, 

1, 

Of 

If 

If 

Of 

0} 

1 

{0, 

If 

Of 

If 

If 

Of 

1} 

0 

{0, 

If 

Of 

If 

If 

If 

0} 

0 

{0, 

If 

Of 

If 

If 

If 

1} 

1 

{0, 

If 

If 

Of 

Of 

Of 

0} 

0 

{0, 

If 

If 

Of 

Of 

Of 

1} 

1 

{0, 

If 

If 

0, 

Of 

If 

0} 

1 

{0, 

If 

If 

0, 

Of 

If 

1} 

0 

{0, 

If 

If 

0, 

If 

Of 

0} 

1 

{0, 

If 

If 

0, 

If 

Of 

1} 

0 

{0, 

If 

If 

0, 

If 

If 

0} 

0 

{0, 

If 

If 

0, 

If 

If 

1} 

1 

{0, 

If 

If 

1, 

Of 

Of 

0} 

1 

{0, 

If 

If 

If 

Of 

Of 

1} 

0 

{0, 

If 

If 

If 

Of 

If 

0} 

0 

{0, 

If 

If 

If 

Of 

If 

1} 

1 

{0, 

If 

If 

If 

If 

Of 

0} 

0 

{0, 

If 

If 

If 

If 

Of 

1} 

1 

{0, 

If 

If 

If 

If 

If 

0} 

1 

{0, 

If 

If 

If 

If 

If 

1} 

0 

y7={i. 

Of 

Of 

Of 

Of 

Of 

0} 

1 

{1, 

Of 

Of 

Of 

Of 

Of 

1} 

0 

{1. 

Of 

Of 

Of 

Of 

If 

0} 

0 

{1, 

Of 

Of 

Of 

Of 

If 

1} 

1 

{1, 

Of 

Of 

Of 

If 

Of 

0} 

0 

{1, 

Of 

Of 

Of 

If 

Of 

1} 

1 

{1, 

Of 

Of 

Of 

If 

If 

0} 

1 

{1, 

Of 

Of 

Of 

If 

If 

1} 

0 

{1, 

Of 

Of 

If 

Of 

Of 

0} 

0 

{1, 

Of 

Of 

If 

Of 

Of 

1} 

1 

{1, 

Of 

Of 

1, 

Of 

If 

0} 

1 

{1, 

Of 

Of 

If 

Of 

If 

1} 

0 

{1/ 

Of 

Of 

If 

If 

Of 

0} 

1 

{1, 

Of 

Of 

If 

If 

Of 

1} 

0 

{1, 

Of 

Of 

If 

If 

If 

0} 

0 

{1, 

Of 

Of 

If 

If 

If 

1} 

1 

{1, 

Of 

If 

Of 

Of 

Of 

0} 

0 

{1, 

Of 

If 

Of 

Of 

Of 

1} 

1 

{1/ 

Of 

If 

Of 

Of 

If 

0} 

1 

{1, 

Of 

If 

Of 

Of 

If 

1} 

0 

{1, 

Of 

If 

Of 

If 

Of 

0} 

1 

{1, 

Of 

If 

Of 

If 

Of 

1} 

0 

{1, 

Of 

If 

Of 

If 

If 

0} 

0 

{1, 

Of 

If 

Of 

If 

If 

1} 

1 

{1, 

Of 

If 

If 

Of 

Of 

0} 

1 

{1, 

Of 

If 

If 

Of 

Of 

1} 

0 

{1, 

Of 

If 

If 

Of 

If 

0} 

0 

{1, 

Of 

If 

If 

Of 

If 

1} 

1 

{1, 

Of 

If 

If 

If 

Of 

0} 

0 

{1, 

Of 

If 

If 

If 

Of 

1} 

1 
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{1,  0,  1,  1,  1,  1,  0}  1 

{1,  0,  1,  1,  1,  1,  1}  0  • 

{1,  1,  0,  0,  0,  0,  0}  0  • 
{1,  1,  0,  0,  0,  0,  1}  1 

{1,  1,  0,  0,  0,  1,  0}  1 

{1,  1,  0,  0,  0,  1,  1}  0  • 

{1,  1,  0,  0,  1,  0,  0}  1 

{1,  1,  0,  0,  1,  0,  1}  0  • 

{1,  1,  0,  0,  1,  1,  0}  0  • 

{1,  1,  0,  0,  1,  1,  1}  1 

{1,  1,  0,  1,  0,  0,  0}  1 

{1,  1,  0,  1,  0,  0,  1}  0  • 

{1,  1,  0,  1,  0,  1,  0}  0  • 

{1,  1,  0,  1,  0,  1,  1}  1 

{1,  1,  0,  1,  1,  0,  0}  0  • 

{1,  1,  0,  1,  1,  0,  1}  1 

{1,  1,  0,  1,  1,  1,  0}  1 

{1,  1,  0,  1,  1,  1,  1}  0  • 

{1,  1,  1,  0,  0,  0,  0}  1 

{1,  1,  1,  0,  0,  0,  1}  0  • 

{1,  1,  1,  0,  0,  1,  0}  0  • 

{1,  1,  1,  0,  0,  1,  1}  1 

{1,  1,  1,  0,  1,  0,  0}  0  • 

{1,  1,  1,  0,  1,  0,  1}  1 

{1,  1,  1,  0,  1,  1,  0}  1 

{1,  1,  1,  0,  1,  1,1}  0  • 

{1,  1,  1,  1,  0,  0,  0}  0  • 

{1,  1,  1,  1,  0,  0,  1}  1 

{1,  1,  1,  1,  0,  1,  0}  1 

{1,  1,  1,  1,  0,  1,  1}  0  • 

{1,  1,  1,  1,  1,  0,  0}  1 

{1,  1,  1,  1,  1,  0,  1}  0  • 

{1,  1,  1,  1,  1,  1,  0}  0  • 

{1,  1,  1,  1,  1,  1,  1}  1 
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Appendix:  Table  11.  Lexicographic-Greedy  Code  of  Length  «  =  7,  it  =  4 
and  Distance  d  =  3,  t  =(d-l)72,  M=2'‘  =16  with  ordered  basis: 

yj  =  0000001 

^2  =  0000010 
>2=  0000100 
y4=  0001000 
ys-  0010000 
y,=  0100000 
y7=  1000000 

Lexicographic  order  of  g  values  Lexicographic  Code 


{0, 

0, 

0, 

0, 

Of 

Of 

0} 

0 

yi={0. 

0, 

0, 

0, 

Of 

Of 

1} 

1 

y2={0. 

0, 

0, 

0, 

Of 

If 

0} 

2 

{0, 

0, 

0, 

0, 

Of 

If 

1} 

3 

y3={0. 

0, 

0, 

0, 

If 

Of 

0} 

3 

{0, 

0, 

0, 

0, 

If 

Of 

1} 

2 

{0, 

0, 

0, 

0, 

If 

If 

0} 

1 

{0, 

0, 

0, 

0, 

If 

If 

1} 

0 

II 

O 

Or 

0, 

1, 

Of 

Of 

0} 

4 

{0, 

0, 

0, 

1/ 

Of 

Or 

1} 

5 

{0, 

0, 

0, 

1, 

Of 

If 

0} 

6 

{0, 

0. 

0, 

1, 

Of 

If 

1} 

7 

{0, 

Or 

0, 

1, 

If 

Of 

0} 

7 

{0, 

Or 

0, 

1, 

If 

Of 

1} 

6 

{0, 

Or 

0, 

1, 

If 

If 

0} 

5 

{0, 

Or 

0, 

1, 

If 

If 

1} 

4 

y5={0. 

Or 

1, 

0, 

Of 

Of 

0} 

5 

{0, 

Or 

1, 

0, 

Of 

Of 

1} 

4 

{0, 

Or 

1, 

0, 

Of 

If 

0} 

7 

{0, 

Or 

1, 

0, 

Of 

If 

1} 

6 

{0, 

Or 

1, 

0, 

If 

Of 

0} 

6 

{0, 

Or 

1, 

0, 

If 

Of 

1} 

7 

{0, 

Or 

1, 

0, 

If 

If 

0} 

4 

{0, 

Or 

1, 

0, 

If 

If 

1} 

5 

{0, 

Or 

1, 

1, 

Of 

Of 

0} 

1 

{0, 

Or 

1, 

Ir 

Of 

Of 

1} 

0 

{0, 

Or 

1/ 

Ir 

Of 

If 

0} 

3 

{0, 

Or 

Ir 

Ir 

Of 

If 

1} 

2 

{0, 

Or 

1, 

1, 

If 

Of 

0} 

2 

{0, 

Or 

1, 

Ir 

If 

Of 

1} 

3 

{0, 

0, 

1, 

If 

If 

If 

0} 

0 

{0, 

Or 

1, 

If 

If 

If 

1} 

1 

y6={0. 

1, 

0, 

Of 

Of 

Of 

0} 

6 

{0, 

1, 

0, 

Of 

Of 

Of 

1} 

7 

{0, 

1, 

0, 

0, 

Of 

If 

0} 

4 

{0, 

Ir 

0, 

Of 

Of 

If 

1} 

5 

{0, 

1, 

0, 

Of 

If 

Of 

0} 

5 

{0, 

Ir 

0, 

Of 

If 

Of 

1} 

4 

{0, 

1, 

0, 

Of 

If 

If 

0} 

7 
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{0, 

1, 

0, 

0, 

1, 

Ir 

1} 

6 

{0, 

1, 

0, 

1, 

0, 

Or 

0} 

2 

{0, 

1, 

0, 

Ir 

0, 

Or 

1} 

3 

{0, 

1, 

0, 

1/ 

0, 

If 

0} 

0 

{0, 

1, 

0, 

1, 

0, 

If 

1} 

1 

{0, 

1, 

0, 

1, 

1, 

Of 

0} 

1 

{0, 

1, 

0, 

1, 

1, 

Of 

1} 

0 

{0, 

1, 

0, 

1, 

Ir 

If 

0} 

3 

{0, 

1, 

0, 

1, 

Ir 

If 

1} 

2 

{0, 

1/ 

1, 

0, 

Or 

Of 

0} 

3 

{0, 

1, 

1, 

0, 

Or 

Of 

1} 

2 

{0, 

1, 

1, 

0, 

Or 

If 

0} 

1 

{0, 

1, 

1, 

0, 

Or 

If 

1} 

0 

{0, 

1, 

1, 

0, 

Ir 

Or 

0} 

0 

{0, 

1, 

1, 

0, 

Ir 

Or 

1} 

1 

{0, 

1, 

1, 

0, 

Ir 

Ir 

0} 

2 

{0, 

1, 

1, 

0, 

Ir 

Ir 

1} 

3 

{0, 

1, 

1, 

1, 

Or 

Or 

0} 

7 

{0, 

1, 

1, 

1, 

Or 

Or 

1} 

6 

{0, 

1, 

1, 

1, 

Or 

Ir 

0} 

5 

{0, 

1, 

1, 

1, 

Or 

Ir 

1} 

4 

{0, 

1, 

1, 

1, 

Ir 

Or 

0} 

4 

{0, 

1, 

Ir 

1, 

Ir 

Or 

1} 

5 

{0, 

1, 

1, 

1, 

Ir 

Ir 

0} 

6 

{0, 

1, 

1, 

1, 

Ir 

If 

1} 

7 

11 

0, 

0, 

Or 

Or 

Or 

0} 

7 

{1, 

0, 

0, 

Or 

Or 

Or 

1} 

6 

{1, 

0, 

0, 

Or 

Or 

Ir 

0} 

5 

{1, 

0, 

0, 

Or 

Or 

Ir 

1} 

4 

{1, 

0, 

0, 

Or 

Ir 

Or 

0} 

4 

{1, 

0, 

0, 

Or 

Ir 

Or 

1} 

5 

{1, 

0, 

0, 

Or 

Ir 

Ir 

0} 

6 

{1, 

0, 

0, 

Or 

Ir 

If 

1} 

7 

{1, 

0, 

0, 

Ir 

Or 

Of 

0} 

3 

{1, 

0, 

0, 

Ir 

Or 

Of 

1} 

2 

{1, 

0, 

0, 

Ir 

Or 

If 

0} 

1 

{1, 

0, 

0, 

1, 

Or 

If 

1} 

0 

{1, 

0, 

0, 

Ir 

Ir 

Of 

0} 

0 

{1, 

0, 

0, 

Ir 

1, 

Of 

1} 

1 

{1, 

0, 

0, 

1, 

Ir 

If 

0} 

2 

{1, 

0, 

0, 

1, 

Ir 

If 

1} 

3 

{1/ 

0, 

1, 

0, 

Or 

Of 

0} 

2 

{1, 

0, 

1, 

0, 

Or 

Of 

1} 

3 

{1, 

0, 

1, 

0, 

Or 

If 

0} 

0 

{1, 

0, 

1, 

0, 

Or 

If 

1} 

1 

{1, 

0, 

1, 

0, 

Ir 

Or 

0} 

1 

{1, 

0, 

1, 

0, 

Ir 

Or 

1} 

0 

{1. 

0, 

1, 

0, 

If 

Ir 

0} 

3 

{1, 

0, 

1, 

0, 

Ir 

Ir 

1} 

2 

{1, 

0, 

1, 

Ir 

Or 

Or 

0} 

6 

{1, 

0, 

1, 

1, 

Or 

Or 

1} 

7 

{1/ 

0, 

1, 

1, 

Or 

Ir 

0} 

4 

{1, 

0, 

1, 

Ir 

Or 

Ir 

1} 

5 

{1, 

0, 

1, 

1, 

Ir 

Or 

0} 

5 
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{1,  0,  1,  1,  1,  0,  1}  4 

{1,  0,  1,  1,  1,  1,  0}  7 

{1,  0,  1,  1,  1,  1,  1}  6 

{1/  1,  0,  0,  0,  0^  0}  1 

{If  If  0,  0,  0,  0,  1}  0 

{1,  1,  0,  0,  0,  1,  0}  3 

{If  If  0,  0,  0,  1,  1}  2 

{1,  1,  0,  0,  1,  0,  0}  2 

{If  If  0,  0,  1,  0,  1}  3 

{1,  1,  0,  0,  1,  1,  0}  0 

{If  If  0,  0,  1,  1,  1}  1 

{If  If  0,  1,  0,  0,  0}  5 

{If  1,  0,  1,  0,  0,  1}  4 

{If  1,  0,  1,  0,  1,  0}  7 

{If  1,  0,  1,  0,  1,  1}  6 

{If  If  0,  1,  1,  0,  0}  6 

{If  If  0,  1,  1,  0,  1}  7 

{If  If  0,  1,  1,  1,  0}  4 

{If  If  0,  1,  1,  1,  1}  5 

{If  1/  1,  0/  0,  0/  0}  4 

{If  1,  1,  0,  0,  0,  1}  5 

{1,  1,  1,  0,  0,  1,  0}  6 

{1,  1,  1,  0,  0,  1,  1}  7 

{If  1,  1,  0,  1,  0,  0}  7 

{If  If  If  0/  1,  Of  1}  6 

{1,  1,  1,  0,  1,  1,  0}  5 

{If  1,  1,  Of  If  If  1}  4 

{^f  1- f  If  If  Of  Of  0}  0 

{If  If  If  If  Of  Of  1}  1 

{1,  If  If  1,  0,  If  0}  2 

{If  If  If  If  Of  If  1}  3 

{If  If  If  If  If  Of  0}  3 

{If  If  If  If  1,  Of  1}  2 

{If  If  If  If  If  If  0}  1 

{If  If  If  If  1,  1,  1}  0 


115 


116 


Appendix:  Table  12.  Lexicographic-Greedy  Code  of  Length  «  =  7,  ifc  =  3 
and  Distance  d  =  4,  t  =  (d-l)!!,  Af  =  2‘‘  =  8,  with  ordered  basis: 

=  000000  1 
=  0000010 
y3  =  0000100 

=  0001000 
y^  =  0010000 
y^  =  0100000 
y7=  1000000 


Lexicographic  order  of  g  values 


{0, 

0, 

0, 

0, 

Or 

Or 

0} 

0 

yi={0, 

0, 

0, 

0, 

Or 

Or 

1} 

1 

y2={0. 

0, 

0, 

0, 

Or 

Ir 

0} 

2 

{0, 

0, 

0, 

0, 

Or 

Ir 

1} 

3 

o 

II 

00 

>1 

0, 

0, 

0, 

Ir 

Or 

0} 

4 

{0, 

0, 

0, 

0, 

Ir 

Or 

1} 

5 

{0, 

0, 

0, 

Or 

Ir 

Ir 

0} 

6 

{0, 

0, 

0, 

Or 

Ir 

Ir 

1} 

7 

II 

o 

0, 

0, 

Ir 

Or 

Or 

0} 

7 

{0, 

0, 

0, 

Ir 

Or 

Or 

1} 

6 

{0, 

0, 

0, 

Ir 

Or 

Ir 

0} 

5 

{0, 

0, 

0, 

Ir 

Or 

Ir 

1} 

4 

{0, 

0, 

0, 

Ir 

Ir 

Or 

0} 

3 

{0, 

0, 

0, 

Ir 

Ir 

Or 

1} 

2 

{0, 

0, 

0, 

Ir 

Ir 

Ir 

0} 

1 

{0, 

0, 

0, 

Ir 

Ir 

Ir 

1} 

0 

y5={0. 

0, 

1, 

Or 

Or 

Or 

0} 

8 

{0, 

0, 

1, 

Or 

Or 

Or 

1} 

9 

{0, 

0, 

1/ 

Or 

Or 

Ir 

0} 

10 

{0, 

0, 

1, 

Or 

Or 

Ir 

1} 

11 

{0, 

0, 

1, 

Or 

Ir 

Or 

0} 

12 

{0, 

0, 

1, 

Or 

Ir 

Or 

1} 

13 

{0, 

0, 

1, 

Or 

Ir 

Ir 

0} 

14 

{0, 

0, 

1, 

Or 

Ir 

Ir 

1} 

15 

{0, 

0, 

1, 

Ir 

Or 

Or 

0} 

15 

{0, 

0, 

1, 

Ir 

Or 

Or 

1} 

14 

{0, 

0, 

1, 

Ir 

Or 

Ir 

0} 

13 

{0, 

0, 

1, 

Ir 

Or 

Ir 

1} 

12 

{0, 

0, 

If 

Ir 

Ir 

Or 

0} 

11 

{0, 

0, 

1/ 

Ir 

Ir 

Or 

1} 

10 

{0, 

0, 

1, 

Ir 

Ir 

Ir 

0} 

9 

{0, 

0, 

If 

Ir 

Ir 

Ir 

1} 

8 

y6={0. 

1, 

0, 

Or 

Or 

Or 

0} 

11 

{0, 

1, 

0, 

Or 

Or 

Or 

1} 

10 

{0, 

0, 

Or 

Or 

Ir 

0} 

9 

{0, 

1, 

0, 

Or 

Or 

Ir 

1} 

8 

{0, 

1, 

0, 

Or 

Ir 

Or 

0} 

15 

{0, 

1, 

0, 

Or 

Ir 

Or 

1} 

14 

{0, 

1, 

0, 

Or 

Ir 

Ir 

0} 

13 

{0, 

1, 

0, 

Or 

Ir 

Ir 

1} 

12 

{0, 

1, 

0, 

Ir 

Or 

Or 

0} 

12 

g  values  as  vectors  Lexicographic  code 

0000 

0001 

0010 

0011 

0100 

0101 

0110 

0111 

0111 

0110 

0101 

0100 

0011 

0010 

0001 

0000 

1000 

1001 

1010 

1011 

1100 

1101 

1110 

1111 

1111 

1110 

1101 

1100 

1011 

1010 

1001 

1000 

1011 

1010 

1001 

1000 

1111 

1110 

1101 

1100 

1100 
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{0, 

1, 

0, 

If 

Or 

Or 

1} 

13 

1101 

{0, 

Ir 

0, 

If 

Or 

Ir 

0} 

14 

1110 

{0, 

If 

0, 

If 

Or 

Ir 

1} 

15 

1111 

{0, 

If 

0, 

If 

Ir 

Or 

0} 

8 

1000 

{0, 

If 

0, 

If 

If 

Or 

1} 

9 

1001 

{0, 

If 

0, 

If 

If 

If 

0} 

10 

1010 

{0, 

If 

0, 

If 

If 

If 

1} 

11 

1011 

{0, 

If 

If 

Or 

Of 

Or 

0} 

3 

0011 

{0, 

If 

If 

Or 

Of 

Or 

1} 

2 

0010 

{0, 

If 

If 

Or 

Or 

Ir 

0} 

1 

0001 

{0, 

If 

If 

Or 

Or 

Ir 

1} 

0 

0000 

{0, 

If 

If 

Or 

Ir 

Or 

0} 

7 

0111 

{0, 

If 

If 

Or 

If 

Or 

1} 

6 

0110 

{0, 

If 

If 

Or 

If 

Ir 

0} 

5 

0101 

{0, 

If 

If 

Or 

If 

Ir 

1} 

4 

0100 

{0, 

If 

If 

Ir 

Of 

Or 

0} 

4 

0100 

{0, 

If 

If 

Ir 

Of 

Or 

1} 

5 

0101 

{0, 

If 

If 

Ir 

Or 

Ir 

0} 

6 

0110 

{0, 

If 

If 

Ir 

Or 

If 

1} 

7 

0111 

{0, 

If 

If 

Ir 

Ir 

Of 

0} 

0 

0000 

{0, 

If 

If 

If 

Ir 

Of 

1} 

1 

0001 

{0, 

If 

If 

If 

Ir 

If 

0} 

2 

0010 

{0, 

If 

If 

If 

Ir 

If 

1} 

3 

0011 

y7={i. 

0, 

Or 

Or 

Or 

Or 

0} 

13 

1101 

{1, 

0, 

0, 
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1} 

37 

{1/ 

0, 

Of 

Of 

If 

If 

0} 

38 

{1, 

0, 

Of 

Of 

If 

If 

1} 

39 

{1, 

0, 

Of 

If 

Of 

Of 

0} 

40 

{1, 

0, 

Of 

If 

Of 

Of 

1} 

41 

{1, 

0, 

Of 

If 

Of 

If 

0} 

42 

{1. 

0, 

Of 

If 

Of 

If 

1} 

43 

{1, 

0, 

Of 

If 

If 

Of 

0} 

44 

{1, 

0, 

Of 

If 

If 

Of 

1} 

45 

{1, 

0, 

Of 

If 

If 

If 

0} 

46 

{1/ 

0, 

Of 

If 

If 

If 

1} 

47 

{1, 

0, 

If 

Of 

Of 

Of 

0} 

48 

{1, 

0, 

If 

Of 

Of 

Of 

1} 

49 

{1, 

0, 

If 

Of 

Of 

If 

0} 

50 

{1, 

0, 

If 

Of 

Of 

If 

1} 

51 

{1, 

0, 

If 

Of 

If 

Of 

0} 

52 

{1, 

0, 

If 

Of 

If 

Of 

1} 

53 

{1, 

0, 

If 

Of 

If 

If 

0} 

54 

{1, 

0, 

If 

Of 

If 

If 

1} 

55 

{1, 

0, 

If 

If 

Of 

Of 

0} 

56 

{1, 

0, 

If 

If 

Of 

Of 

1} 

57 

{1, 

0, 

If 

If 

Of 

If 

0} 

58 

{1, 

0, 

If 

If 

Of 

If 

1} 

59 

{1, 

0, 

If 

If 

If 

Of 

0} 

60 

{1, 

0, 

If 

If 

If 

Of 

1} 

61 

{1, 

0, 

If 

If 

If 

If 

0} 

62 

{1, 

0, 

If 

If 

If 

If 

1} 

63 

123 


124 


{1, 

1, 

Of 

Of 

Of 

Of 

0} 

63 

{1, 

If 

Of 

Of 

Of 

Of 

1} 

62 

{1/ 

If 

Of 

Of 

Of 

If 

0} 

61 

{1, 

If 

Of 

Of 

Of 

If 

1} 

60 

{1, 

If 

Of 

Of 

If 

Of 

0} 

59 

{1, 

If 

Of 

Of 

If 

Of 

1} 

58 

{1, 

If 

Of 

Of 

If 

If 

0} 

57 

{1, 

If 

Of 

Of 

If 

If 

1} 

56 

{1, 

If 

Of 

If 

Of 

Of 

0} 

55 

{1, 

If 

Of 

If 

Of 

Of 

1} 

54 

{1, 

If 

Of 

If 

Of 

If 

0} 

53 

{1, 

If 

Of 

If 

Of 

If 

1} 

52 

{1, 

If 

Of 

If 

If 

Of 

0} 

51 

{1, 

If 

Of 

If 

If 

Of 

1} 

50 

{1, 

If 

Of 

If 

If 

If 

0} 

49 

{1, 

If 

Of 

If 

If 

If 

1} 

48 

{1, 

If 

If 

Of 

Of 

Of 

0} 

47 

{1, 

If 

If 

Of 

Of 

Of 

1} 

46 

{1, 

If 

If 

Of 

Of 

If 

0} 

45 

{1, 

If 

If 

Of 

Of 

If 

1} 

44 

{1, 

If 

If 

Of 

If 

Of 

0} 

43 

{1, 

If 

If 

Of 

If 

Of 

1} 

42 

{1, 

If 

If 

Of 

If 

If 

0} 

41 

{1, 

If 

If 

Of 

If 

If 

1} 

40 

{1, 

If 

If 

If 

Of 

Of 

0} 

39 

{1, 

If 

If 

If 

Of 

Of 

1} 

38 

{1, 

If 

If 

If 

Of 

If 

0} 

37 

{1, 

If 

If 

If 

Of 

If 

1} 

36 

{1, 

If 

If 

If 

If 

Of 

0} 

35 

{1, 

If 

If 

If 

If 

Of 

1} 

34 

{1, 

If 

If 

If 

If 

If 

0} 

33 

{1, 

If 

If 

If 

If 

If 

1} 

32 
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Appendix:  Table 
and  Distance  d  = 


{0,  0,  0,  0 
yi={0,  0,  0,  0 
y2={0,  0,  0,  0 
{0,  0,  0,  0 
y3={0,  0,  0,  0 
{0,  0,  0,  0 
{0,  0,  0,  0 
{0,  0,  0,  0 
y4={0,  0,  0,  1 
{0,  0,  0,  1 
{0,  0,  0,  1 
{0,  0,  0,  1, 
{0,  0,  0,  1, 
{0/  Of  Of  1, 
{0,  0,  0,  1, 
{0,  0,  0,  1, 
y5={0,  0,  If  0, 
{0,  0,  1,  0, 
{0,  0,  If  0, 

{0,  0,  1,  0, 
{0,  0,  1,  0, 
{0,  0,  If  Of 
{Of  Of  If  Of 
{Of  Of  If  Of 
{Of  Of  If  If 
{Of  Of  If  If 

{0,  0,  If  If 

{Of  Of  If  If 
{Of  Of  If  If 
{Of  Of  If  If 

{0,  0,  If  If 

{Of  Of  If  If 

y6={0f  If  Of  Of 
{0,  1,  0,  0, 
{0,  1,  0,  0, 
{0,  1,  0,  0, 
{0,  If  0,  0, 

{0,  If  0,  0, 

{0,  If  0,  0, 

{0,  If  Of  Of 
{0,  If  Of  If 
{Of  If  Of  If 
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15.  Lexicographic-Greedy  Code  of  Length  n  =  7,  k  =  1 
7,  t  =  (d-l)l2^  Af  =  2"^  =  2,  with  ordered  basis: 

yj=  0000001 
^2  =  0000010 
y3  =  0000100 
y^-  0001000 
ys=  0010000 
y«  =  0100000 

yj=  1000000 


0, 

0, 

0} 

0 

0, 

0, 

1} 

1 

0, 

1, 

0} 

2 

0, 

1, 

1} 

3 

1, 

0, 

0} 

4 

1, 

0, 

1} 

5 

1, 

1, 

0} 

6 

1, 

1, 

1} 

7 

0, 

0, 

0} 

8 

0, 

0, 

1} 

9 

0, 

1, 

0} 

10 

0, 

1, 

1} 

11 

1, 

0, 

0} 

12 

1, 

0, 

1} 

13 

1, 

1, 

0} 

14 

1, 

1, 

1} 

15 

0, 

0, 

0} 

16 

0, 

0, 

1} 

17 

0, 

1/ 

0} 

18 

0, 

1, 

1} 

19 

1/ 

0, 

0} 

20 

1, 

0, 

1} 

21 

1, 

1, 

0} 

22 

1, 

1, 

1} 

23 

0, 

0, 

0} 

24 

0, 

0, 

1} 

25 

0, 

1, 

0} 

26 

0, 

1, 

1} 

27 

1, 

0, 

0} 

28 

1, 

0, 

1} 

29 

1, 

1, 

0} 

30 

1, 

1/ 

1} 

31 

0, 

0, 

0} 

32 

0, 

0, 

1} 

33 

0, 

1, 

0} 

34 

0, 

1, 

1} 

35 

1, 

0, 

0} 

36 

1, 

0, 

1} 

37 

1, 

1, 

0} 

38 

1, 

1/ 

1} 

39 

Of 

0, 

0} 

40 

0, 

0, 

1} 

41 
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126 


{0, 

1, 

Of 

If 

Of 

If 

0} 

42 

{0, 

If 

Of 

If 

Of 

If 

1} 

43 

{0, 

If 

Of 

If 

If 

Of 

0} 

44 

{0, 

If 

Of 

If 

If 

Of 

1} 

45 

{0, 

If 

Of 

If 

If 

If 

0} 

46 

{0, 

If 

Of 

If 

If 

If 

1} 

47 

{0, 

If 

If 

Of 

Of 

Of 

0} 

48 

{0, 

If 

If 

Of 

Of 

Of 

1} 

49 

{0, 

If 

If 

Of 

Of 

If 

0} 

50 

{0, 

If 

If 

Of 

Of 

If 

1} 

51 

{0, 

If 

If 

Of 

If 

Of 

0} 

52 

{0, 

If 

If 

Of 

If 

Of 

1} 

53 

{0, 

If 

If 

Of 

If 

If 

0} 

54 

{0, 

If 

If 

Of 

If 

If 

1} 

55 

{0, 

If 

If 

If 

Of 

Of 

0} 

56 

{0, 

If 

If 

If 

Of 

Of 

1} 

57 

{0, 

If 

If 

If 

Of 

If 

0} 

58 

{0, 

If 

If 

If 

Of 

If 

1} 

59 

{0, 

If 

If 

If 

If 

Of 

0} 

60 

{0, 

If 

If 

If 

If 

Of 

1} 

61 

{0, 

If 

If 

If 

If 

If 

0} 

62 

{0, 

If 

If 

If 

If 

If 

1} 

63 

II 

> 

Of 

Of 

Of 

Of 

Of 

0} 

63 

{1, 

Of 

Of 

Of 

Of 

Of 

1} 

62 

{1, 

Of 

Of 

Of 

Of 

If 

0} 

61 

{1, 

Of 

Of 

Of 

Of 

If 

1} 

60 

{1, 

Of 

Of 

Of 

If 

Of 

0} 

59 

{1/ 

Of 

Of 

Of 

If 

Of 

1} 

58 

{1, 

Of 

Of 

Of 

If 

If 

0} 

57 

{1/ 

Of 

Of 

Of 

If 

If 

1} 

56 

{1, 

Of 

Of 

If 

Of 

Of 

0} 

55 

{1/ 

Of 

Of 

If 

Of 

Of 

1} 

54 

{1, 

Of 

Of 

If 

Of 

If 

0} 

53 

{1, 

Of 

Of 

If 

Of 

If 

1} 

52 

{1, 

Of 

Of 

If 

If 

Of 

0} 

51 

{1, 

Of 

Of 

If 

If 

Of 

1} 

50 

{1, 

Of 

Of 

If 

If 

If 

0} 

49 

{1, 

Of 

Of 

If 

If 

If 

1} 

48 

{1, 

Of 

If 

Of 

Of 

Of 

0} 

47 

{1, 

Of 

If 

Of 

Of 

Of 

1} 

46 

{1, 

Of 

If 

Of 

Of 

If 

0} 

45 

{1, 

Of 

If 

Of 

Of 

If 

1} 

44 

{1, 

Of 

If 

Of 

If 

Of 

0} 

43 

{1, 

Of 

If 

Of 

If 

Of 

1} 

42 

{1, 

Of 

If 

Of 

If 

If 

0} 

41 

{1, 

Of 

If 

Of 

If 

If 

1} 

40 

{1, 

Of 

If 

If 

Of 

Of 

0} 

39 

{1, 

Of 

If 

If 

Of 

Of 

1} 

38 

{1, 

Of 

If 

If 

Of 

If 

0} 

37 

{1, 

Of 

If 

If 

Of 

If 

1} 

36 

{1, 

Of 

If 

If 

If 

Of 

0} 

35 

{1, 

Of 

If 

If 

If 

0, 

1} 

34 

{1, 

Of 

If 

If 

If 

If 

0} 

33 

{1, 

Of 

If 

If 

If 

If 

1} 

32 

126 


127 


{1, 

1, 

Of 

Of 

Of 

Of 

0} 

31 

{1, 

Ir 

Of 

Of 

Of 

Of 

1} 

30 

{1, 

1. 

Of 

Of 

Of 

If 

0} 

29 

{1, 

If 

Of 

Of 

Of 

If 

1} 

28 

{1/ 

1, 

Of 

Of 

If 

Of 

0} 

27 

{1, 

1, 

Of 

Of 

If 

Of 

1} 

26 

{1, 

1, 

Of 

Of 

If 

If 

0} 

25 

{1, 

1, 

Of 

Of 

If 

If 

1} 

24 

{1, 

1, 

Of 

If 

Of 

Of 

0} 

23 

{1, 

1, 

Of 

If 

Of 

Of 

1} 

22 

{1, 

If 

Of 

If 

Of 

If 

0} 

21 

{1, 

If 

Of 

If 

Of 

If 

1} 

20 

{1, 

If 

Of 

If 

If 

Of 

0} 

19 

{1, 

If 

Of 

If 

If 

Of 

1} 

18 

{1, 

If 

Of 

If 

If 

If 

0} 

17 

{1, 

If 

Of 

If 

If 

If 

1} 

16 

{1, 

If 

If 

Of 

Of 

Of 

0} 

15 

{1, 

If 

If 

Of 

Of 

Of 

1} 

14 

{1, 

If 

If 

Of 

Of 

If 

0} 

13 

{1, 

If 

If 

Of 

Of 

If 

1} 

12 

{1, 

If 

If 

Of 

If 

Of 

0} 

11 

{1, 

If 

If 

Of 

If 

Of 

1} 

10 

{1, 

If 

If 

Of 

If 

If 

0} 

9 

{1, 

If 

If 

0, 

If 

If 

1} 

8 

{1, 

If 

If 

1, 

Of 

Of 

0} 

7 

{1/ 

If 

If 

If 

Of 

Of 

1} 

6 

{1, 

If 

If 

If 

Of 

If 

0} 

5 

{1/ 

If 

If 

If 

Of 

If 

1} 

4 

{1, 

If 

If 

If 

If 

Of 

0} 

3 

{1, 

If 

If 

If 

If 

Of 

1} 

2 

{1, 

If 

If 

If 

If 

If 

0} 

1 

{1, 

If 

If 

If 

If 

If 

1} 

0 
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Appendix:  Table  16.  Lexicographic-Greedy  Code  of  Length  n  =  7,  ifc  =  0 
and  Distance  d  =  H,  t  =  (d-l)l2,  M  =  2“  =  1,  with  ordered  basis: 

yj  =  0000001 

y2  =  0000010 

yj  =  0000100 

=  0001000 
ys=  0010000 
yg=  0100000 
yj=  1000000 


{0, 

0, 

0, 

0, 

0, 

0, 

0} 

0 

Yl={0, 

0, 

0, 

0, 

0, 

0, 

1} 

1 

y2={0. 

0, 

0, 

0, 

0, 

1, 

0} 

2 

{0, 

0, 

0, 

0, 

0, 

1, 

1} 

3 

y3={0. 

0, 

0, 

0, 

1, 

0, 

0} 

4 

{0, 

0, 

0, 

0, 

1, 

0, 

1} 

5 

{0, 

0, 

0, 

0, 

1, 

1, 

0} 

6 

{0, 

0, 

0, 

0, 

1, 

1, 

1} 

7 

II 

O 

0, 

0, 

1, 

0, 

0, 

0} 

8 

{0, 

0, 

0, 

1, 

0, 

0, 

1} 

9 

{0, 

0, 

0, 

1, 

0, 

1, 

0} 

10 

{0, 

0, 

0, 

1, 

0, 

1, 

1} 

11 

{0, 

0, 

0, 

1, 

1, 

0, 

0} 

12 

{0, 

0, 

0, 

1, 

1, 

0, 

1} 

13 

{0, 

0, 

0, 

1, 

1, 

1, 

0} 

14 

{0, 

0, 

0, 

1, 

1, 

1, 

1} 

15 

y5={0. 

0, 

1, 

0, 

0, 

0, 

0} 

16 

{0, 

0, 

1, 

0, 

0, 

0, 

1} 

17 

{0, 

0, 

1, 

0, 

0, 

1, 

0} 

18 

{0, 

0, 

1, 

0, 

0, 

1, 

1} 

19 

{0, 

0, 

1, 

0, 

1, 

0, 

0} 

20 

{0, 

0, 

1, 

0, 

1, 

Or 

1} 

21 

{0, 

0, 

1, 

0, 

1, 

1, 

0} 

22 

{0, 

0, 

1, 

0, 

1, 

1, 

1} 

23 

{0, 

0, 

1, 

1, 

0, 

0, 

0} 

24 

{0, 

0, 

1, 

1, 

0, 

0, 

1} 

25 

{0, 

0, 

1, 

1, 

0, 

1, 

0} 

26 

{0, 

0, 

1, 

1, 

0, 

Ir 

1} 

27 

{0, 

0, 

1, 

1, 

1, 

0, 

0} 

28 

{0, 

0, 

1, 

1, 

1, 

0, 

1} 

29 

{0, 

0, 

1, 

1, 

Ir 

1, 

0} 

30 

{0, 

0, 

1, 

1, 

1/ 

1, 

1} 

31 

y6={0. 

1, 

0, 

0, 

0, 

Or 

0} 

32 

{0, 

1, 

0, 

0, 

0, 

Or 

1} 

33 

{0, 

1, 

0, 

0, 

0, 

Ir 

0} 

34 

{0, 

1, 

0, 

0, 

0, 

Ir 

1} 

35 

{0, 

1, 

0, 

0, 

1, 

Or 

0} 

36 

{0, 

1, 

0, 

0, 

1, 

Or 

1} 

37 

{0, 

1, 

0, 

0, 

1, 

Ir 

0} 

38 

{0, 

1, 

0, 

0, 

1, 

Ir 

1} 

39 

{0, 

1, 

0, 

1, 

0, 

Or 

0} 

40 

{0, 

1, 

0, 

1, 

0, 

Or 

1} 

41 

128 


129 


{0, 

1, 

Of 

If 

Of 

If 

0} 

42 

{0, 

If 

Of 

If 

0, 

If 

1} 

43 

{0, 

If 

Of 

If 

1. 

Of 

0} 

44 

{0, 

If 

Of 

If 

1, 

Of 

1} 

45 

{0, 

If 

Of 

If 

1, 

If 

0} 

46 

{0, 

If 

Of 

If 

If 

If 

1} 

47 

{0, 

If 

If 

Of 

Of 

Of 

0} 

48 

{0, 

If 

If 

0, 

Of 

Of 

1} 

49 

{0, 

If 

If 

0, 

Of 

If 

0} 

50 

{0, 

If 

If 

0, 

Of 

If 

1} 

51 

{0, 

If 

If 

0, 

If 

Of 

0} 

52 

{0, 

If 

If 

0, 

If 

Of 

1} 

53 

{0, 

If 

If 

0, 

If 

If 

0} 

54 

{0, 

If 

If 

0, 

If 

If 

1} 

55 

{0, 

If 

If 

If 

Of 

Of 

0} 

56 

{0, 

If 

If 

If 

Of 

Of 

1} 

57 

{0, 

If 

If 

If 

Of 

If 

0} 

58 

{0, 

If 

If 

If 

Of 

If 

1} 

59 

{0, 

If 

If 

If 

If 

Of 

0} 

60 

{0, 

If 

If 

If 

If 

Of 

1} 

61 

{0, 

If 

If 

If 

If 

If 

0} 

62 

{0, 

If 

If 

If 

If 

If 

1} 

63 

y7={i. 

Of 

Of 

Of 

Of 

Of 

0} 

64 

{1, 

Of 

Of 

Of 

Of 

Of 

1} 

65 

{1, 

Of 

Of 

Of 

Of 

If 

0} 

66 

{1, 

Of 

0, 

Of 

Of 

If 

1} 

67 

{1, 

Of 

0, 

Of 

If 

Of 

0} 

68 

{1, 

0, 

0, 

Of 

If 

0, 

1} 

69 

{1, 

0, 

0, 

Of 

If 

If 

0} 

70 

{1, 

0, 

0, 

Of 

If 

If 

1} 

71 

{1, 

0, 

0, 

If 

Of 

Of 

0} 

72 

{1, 

0, 

0, 

If 

0, 

Of 

1} 

73 

{1, 

0, 

0, 

If 

0, 

If 

0} 

74 

{1, 

0, 

0, 

If 

0, 

If 

1} 

75 

{1, 

0, 

0, 

If 

1, 

0, 

0} 

76 

{1, 

0, 

0, 

If 

1, 

0, 

1} 

77 

{1, 

0, 

0, 

If 

1, 

If 

0} 

78 

{1, 

0, 

0, 

If 

If 

If 

1} 

79 

{1, 

0, 

1, 

Of 

Of 

Of 

0} 

80 

{1, 

0, 

1, 

Of 

Of 

Of 

1} 

81 

{1, 

0, 

If 

Of 

Of 

If 

0} 

82 

{1, 

0, 

If 

Of 

Of 

If 

1} 

83 

{1, 

0, 

If 

Of 

If 

Of 

0} 

84 

{1, 

0, 

If 

Of 

If 

Of 

1} 

85 

{1, 

0, 

If 

Of 

If 

If 

0} 

86 

{1, 

0, 

If 

Of 

If 

If 

1} 

87 

{1, 

0, 

If 

If 

Of 

Of 

0} 

88 

{1, 

0, 

If 

If 

Of 

Of 

1} 

89 

{1, 

0, 

If 

If 

Of 

If 

0} 

90 

{1, 

0, 

If 

If 

Of 

If 

1} 

91 

{1, 

Of 

If 

If 

If 

Of 

0} 

92 

{1/ 

Of 

If 

If 

If 

Of 

1} 

93 

{1, 

Of 

If 

If 

If 

If 

0} 

94 

{1, 

Of 

If 

If 

If 

If 

1} 

95 
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{1,  1,  0,  0,  0,  0,  0}  96 

{1,  1,  0,  0,  0,  0,  1}  97 

{1,  1,  0,  0,  0,  1,  0}  98 

{1,  1,  0,  0,  0,  1,  1}  99 

{1,  1,  0,  0,  1,  0,  0}  100 

{1,  1,  0,  0,  1,  0,  1}  101 

{1,  1,  0,  0,  1,  1,  0}  102 

{1,  1,  0,  0,  1,  1,  1}  103 

{1,  1,  0,  1,  0,  0,  0}  104 

{1,  1,  0,  1,  0,  0,  1}  105 

{1,  1,  0,  1,  0,  1,  0}  106 

{1,  1,  0,  1,  0,  1,  1}  107 

{1,  1,  0,  1,  1,  0,  0}  108 

{1,  1,  0,  1,  1,  0,  1}  109 

{1,  1,  0,  Ir  1,  1,  0}  110 

{1,  1,  0,  1,  1,  1,  1}  111 

{1,  1,  1,  0,  0,  0,  0}  112 

{1,  1,  1,  0,  0,  0,  1}  113 

{1,  1,  1,  0,  0,  1,  0}  114 

{1,  1,  1,  0,  0,  1,  1}  115 

{1,  1,  1,  0,  1,  0,  0}  116 

{1,  1,  1,  0,  1,  0,  1}  117 

{1,  1,  1,  0,  1,  1,  0}  118 

{1,  1,  1,  0,  1,  1,  1}  119 

{1,  1,  1,  1,  0,  0,  0}  120 

{1,  1,  1,  1,  0,  0,  1}  121 

{1,  1,  1,  1,  0,  1,  0}  122 

{1,  1,  1,  1,  0,  1,  1}  123 

{1,  1,  1,  Ir  1,  0,  0}  124 

{1,  1,  1,  1,  1,  0,  1}  125 

{1,  1,  1,  1,  1,  1,  0}  126 

{1,  1,  1,  1,  1,  1,  1}  127 
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Appendix:  Table  17 


Greedy  Code  Algorithm. 


(*  Definitions  *) 

pssTable  [x=0,  {x,  1, 50}  ]  ; 
q=Table[x=0, {x, 1,50}] ; 
g=Table [x=0, {x, 1, 50} ] ; 
ff=Table[x=0, {x, 1, 50} , {y , 1, 5} ] ; 
f3f=Table[x=0, {x, 1, 50} , {y, 1, 5} ] ; 

Maximumplus  [x__]  :  =  (Max  [##] +1)  & 

[Table [g [ [y] ] , {y,l,x-l}] ] 

testagain [x_,y_]  :=( 

q [ [X]] =Abs [ggs [ [y] ] -f [ [x] ] ] ; 
p[ [x] ]=Apply [Plus, 

Table [If [q[ [x, i] ] ==1 , 1 , 0] ,  {i,l,5}]]  ; 

If  [p[  [3c]  ]<3,  g[  [x]  ]  =Maximumplus  [x]  , 
g[[x]]*g[[x]]]); 
testgreedy [x_]  := 

(Print ["Here  in  testgreedy"]; 
p=Table[i*0, {i,l,50}] ; 
q=Table[i=0, (i, 1,50}] ; Print ["ff ' s=" , 

ff[[l]],ff[[2]]]; 

greed= 

Table [q[ [y] ]=Abs[ff [ [y] ]-f [ [x]  ]  ]  ; 

P[ [y] ]=Apply [Plus, 

Table[If[q[[y,i]] ==1,1,0] ,  {i,l,5}]], 

„  {y^yi/yZ}]; 

y3=Length [greed] ; 

iiun=Table  [If  [greed  [  [i]  ]<3,1,0]  ,  {i,l,y3}]  ; 
nn=Apply [Plus, Table [If [nun  [ [i] ] >=1, 1,0], 

{i,l.y3}]]; 

If [nn>0, g [ [x] ] =Maximumplus [x] , g[ [x] ] =yy] ) ; 
testzero[x_]  :=(q[[x]]= 

Abs [f [ [1] ] -f [ [X] ] ] ;p[ [X] ] =Apply [Plus, 

Table [If [q[[x,i]] ==1,1,0]  ,  {i,l,5}]]; 

g[[x]]=p[[x]]; 

If  [p[  [x]  ]<3,g[  [x]  ]:=Maximumplus[x]  ,g[  [x]  ]=0]  )  ; 
testmax  [x_,  y__]  :  =  (q  [  [x]  ]  =Abs  [  f  [  [y ]  ]  -f  [  [x]  ]  ]  ; 

P[ [x] ]*Apply [Plus, 

Table[If[q[[x,i] ]==!,!, 0] ,  {i,l,5}]] ; 

If  [p  [  [x]  ]  <3 ,  g  [  [x]  ]  =Maxiiaumplus  [x]  , 
gC[x]]=g[[y]]]); 

Repeat  Test  [x_]  :=:(tempg= 

Table [testmax [x,y] ,  {y,l,x-l}] ) ; 

testall  [x__]  :  =  ( 

Do[f3f [[i]]=f [[posx[[i,l]]]], {i,l,y5}]; 
p=Table[i=0, {i,l,50}] ; 
q=Table[i=0, {i,l,50}] ; 
greeds 

Table [q [ [y] ] =Abs [f 3f [ [y] ] -f [ [x] ] ] ; 

PC [y] ] “Apply [Plus, 

Table [If [q[ [y, i] ] ““1, 1, 0] ,  {i,l,5}] ] , 


{y.yi,y5}]; 

y3=Length [greed]  ; 

inm=Table[If  [greed[  [i]  ]<3,  l,0],{i,l,y3}]; 
nn=Apply [Plus, Table [If [mm [ [i] ]>=1, 1,0] , 

{i,l,y3}]] 

If [nn>0 , g [ [x] ] =Maximumplus [x] , g [ [x] ] ^g [ [x] ] ] 

)  ; 


(*  Program  *) 


bb=32; 

(test zero [bb] ;  Repeat Test [bb] ; xl=Length [tempg] ; 1*1; 
yy=Min [tempg] ; 
gtrunc=Take [g, bb-1] ; 

posit*Position [gtrunc, yy] ; howmany*Length [posit] ; 

yl=l; y2=howmany; 

ff=Table[x=0, {x,l,50}, {y,l,5}] ; 

Table[ff [ [X] ]=f [ [posit [ [X, 1] ]]],{x,l,y2}]; 
xtempx=tempg; 

Label [again] ; 
yy=Min [xtempx] ; 

posit=Position [g, yy] ; howmany=Length [posit] ; 
yl=l; y2=howmany; 

Table[ff [ [X] ]*f [ [posit [ [X, 1] ]]],{x,l,y2}]; 

posit*Posit ion [xtempx, yy] ; howmany=Length [posit] ; 

yl=l; y2=howmany; 

testgreedy [bb] ; 

gtrunc=Take [g,bb-l] ; 

posx=Position [gtrunc, g [ [bb] ] ] ; 

y5=Length [posx] ; Print [ "yS*” ,  yS]  ; 

If [y5<=l, g [ [bb] ] =g [ [bb] ] , testall [bb] ] ; 
xtempx=Delete [xtempx, posit] ;  i=i+l; 

If  [g  [  [bb]  ]  —Maximumplus  [bb]  &&  i<xl  && 

Length [xtempx] >0 , 

Goto [again] ])  ;  g[[bb]] 


